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MODULE-III

Syllabus:

Transient behavior and initial conditions: Behavior of circuit elements under switching
condition and their Representation, evaluation of initial and final conditions in RL, RC
and RLC circuits for AC and DC excitations.

Laplace Transformation & Applications: Solution of networks, step, ramp and impulse
responses, waveform synthesis.

Text Books:

1. ML.E. Van Valkenberg (2000), “Network analysis”, Prentice Hall of India, 3rd edition,
2000, ISBN: 9780136110958.

2. Roy Choudhury, “Networks and systems”, 2nd edition, New Age International
Publications, 2006, ISBN: 9788122427677.

Reference Books:

1. Hayt, Kemmerly and Durbin “Engineering Circuit Analysis”, TMH 7th Edition, 2010.
2. J. David Irwin /R. Mark Nelms, “Basic Engineering Circuit Analysis”, John Wiley, 8th
ed, 2006.

3. Charles K Alexander and Mathew N O Sadiku, “Fundamentals of Electric Circuits”,
Tata McGraw-Hill, 3rd Ed, 2009.

Transient behavior and initial conditions

Objectives:

* To know why initial conditions are important.

* To understand behavior of circuit elements under switching condition and their
representation.

» To evaluate initial and final conditions in RL, RC and RLC circuits.

An electric switch is turned on or off in some circuit (for example in a circuit
consisting of resistance and inductance), transient currents or voltages will occur for a
short period after these switching actions. After the transient has ended, the current or
voltage in question returns to its steady state situation. Duration of transient phenomena
are over after only a few micro or milliseconds, or few seconds or more depending on the
values of circuit parameters (like R, L and C).The situation relating to the sudden
application of dc voltage to circuits possessing resistance (R), inductance (L), and
capacitance (C) will now be investigated in this chapter. We will continue our discussion
on transients occurring in a dc circuit. It is needless to mention that transients also occur
in ac circuit but they are not included in this chapter.

There are many reasons for studying initial conditions:
» The most important reason is that initial conditions must be known to evaluate the
arbitrary constants that appear in the general solution of the differential equations.
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The initial conditions give knowledge of the behavior of the elements at the
instant of switching.

Knowledge of the initial values of derivatives of a response is helpful in
anticipating the nature of response.

It gives a better understanding of non linear switching circuits.

What are Initial Conditions:

Finding the value of selected variables when one or more circuit switches are
moved from one position to another.

t=0- represents time just before switch changing the position.

t=0 represents the time when switch changes its position.

t=0+ represents time just after switch changing the position.

Initial conditions focuses on currents and voltages of energy storing elements
(Inductor and capacitor) as these determine the behavior of the circuit at t>0.

Past history of the circuit is shown up using capacitor voltage and inductor
current.

The evaluation of all voltages and currents and their derivatives at t =0+, constitutes the
evaluation of initial conditions.
Sometimes we use conditions at t = oo; these are known as final conditions.

V-1 Relationships of Network Elements:

Element Voltage Current
R
AAAAANVL
V(t)=R.i(t) i(t) = v(t)/R
— VD
L
S L LT/ L g B—
Lo v(t)= L di(t)/dt i(t) = fv(t) dt
i V. oy -
4
¥
v(t) = (1/C) fi(t) dt | i(t) = C dv(t)/dt
\J (4 =
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Initial Conditions in Network Elements:
1. Resistor
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The current voltage relation for a resistor is given by:- v(t)=i(t)*R.

From the above relation it can be said the instantaneous value of current depends
on instantaneous value of voltage and vice versa.

Past value of current or voltage does not affect present value of current or voltage
i.e. the behavior of resistance remains same irrespective of past value of current and
voltage.

2. Inductor

When switch is closed at t = 0, the current through an inductor cannot change
instantaneously. As a result, closing of a switch to connect an inductor to a source of
energy will not cause current to flow at that instant and inductor will act as an open
circuit.

The current through inductor is given by

[=
i) = %f () dt
1 r°— 1 rt
i) = Zf v ()dt + Ef v (D dt
— oo o—

F (& = i(O0O— 1ft t)dt
i) = iC )—l—Z_DV()
1 o+
e 1
i(0+) = i(0—) + Lfo_ v dt

i(0*) = i(07)
Hence the current at 0+ is equal to the current at 0-. So if i(0-)=0, then i(0+)=0 also.
So it acts as open circuit as shown.
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If a current of loamps flows in the inductor at the instant of switching takes place,
that current will continue to flow & for the initial instant the (t=0+) inductor can be
considered as a current source of loamps
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3. Capacitor
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Voltage across capacitor is given by

f:
Sl = % f_ooi(t)dt

0- t
A %f_mi(t)dt g %f_i(t)dt
£

® =v07) + = [ i®at
v =D +Ejl

-0

5 _ 1. O+.
(0% = v(0-) + Zj;_ i(Odt

v(0*7) = v(07)

If v(0-)=0, then v(0+)=0 also, so it acts as short circuit at t=0+

e

[}

If v(0-)=V, volts, then capacitor acts as a constant voltage source at t=0+ as shown below
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Behavior of the elements at t=0+ and at t=o0

Element Equivalent circuit at t=0+ At t=o0

Resistor M= Resistor =M= Resistor —AN—

Inductor W Open circuit — Short circuit

Capacitor % }7 Short circuit Open circuit

Inductor with initial Current source ( : ) lo | Finally short

current —/\VYY{\—

Capacitor with ipitial Voltage source - Finally open circuit
charge A — ;%: }

Procedure for Evaluating Initial Conditions

Find the current through inductor and voltage across the capacitor before
switching i.e. at t=0- find i(0-) and v(0-) [ i.e. History of the network]

Draw the circuit at t=0+ using equivalent for each circuit element.

Determine i(0+) and v(0+)

Draw the general circuit after switching.

Write the integro-differential equation for the circuit.

Obtain an expression for di/dt or dv/dt

Using initial conditions like i(0+) find di(0+)/dt or using v(0+) find dv(0+)/dt
Obtain an expression for d?i(0+)/dt* or d*v(0+)/dt?

Using initial conditions like i(0+) , di(0+)/dt, find out d?i(0+)/dt® or Using v(0+) ,
dv(0+)/dt, find out d>v(0+)/dt* .

Numerical Examples:

1.

In the network shown below, If at t=0, switch ‘K’ is closed, Find the values of i,
di/dt and d?i/dt® at t =0+. Assume V=100V, R= 1000Q and L= 1H.
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Solution:

» Before the switch is closed i(0-) =0

» Draw the circuit immediately after switching, Inductor acts as open , as inductor
won’t allow current to change instantaneously Hence i(0+) =0

» Draw general network after switching and writing KVL
V=Ri + L di/dt

* Obtain an expression for the first derivative
di/dt = (V — R(i) )/L, substituting the values we get
di/dt = 100 A/s

» Obtain an expression for the second derivative:
d?i(0+)/dt? = - R/L di/dt , substituting the known values we get
d?i(0+)/dt? = -100000A/s°

2. In the network shown below, If at t=0, switch ‘S’ is closed with no initial charge on
the capacitor, Find the values of i, di/dt and d/dt? at t =0+. Assume V= 100V, R=
1000Q2 and C= 1pF.
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Solution:

» Before switch is closed Vc(0-) =0, i(0-)=0

» Capacitor acts as a short circuit after switching therefore i(0+)=V/R=0.1 A

» Draw the general network after switch is closed

e V=Ri+1/clidt

« Differentiate : 0 = R di/dt + i/c
di(0+)/dt= - i(0+)/RC, substituting the values we get
di(0+)/dt= — 100 A/s

« Differentiate again to obtain second derivative
d%i(0+)/dt? = - (1/RC) di(0+)/dt , substituting we get
d?i(0+)/dt* = + 100000 A/s?

3. In the circuit shown, switch ‘k’ is opened at t=0. Find the values of v, dv/dt,d>v/dt? at

t = 0+.
Bl -
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Solution:
At t=0-

" : &
1, ET:_:I . j oot —j L=1H
| |

v(0-) =0, iL(0-) = 0 and iL(0+) = 0 since current through the inductor cannot change
suddenly.
At t=0+

r A I
| |
i waV T eE B
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v(0+) =i x R =2x1000=2000V
* Apply KCL to the given circuit at t = 0+, we get

V/RH(1/L) [vdt=2 .............. (1)
» Differentiate equation (1) with respect to t, we get

(1/R)dv/dt +(1/L)v =0..... (2)

At t = 0+, equation (2) becomes

(1/R) dv(0+)/dt +(1/L)v(0+) =0
dv(0+)/dt = - (R/L)v(0+)

= (-1000/1) x 2000
= -2x10° VIS
» Differentiate equation (2) with respect to t, we get
(1/R)d2v/dt2 +(1/L)dv/dt =0 ....(3)
At t = 0+, equation (2) becomes
(1/R)d2v(0+)/dt2 +(1/L)dv(0+)/dt = 0
d?v(0+)/dt? = -(R/L)dv(0+)/dt
= - (1000/1)x(-2x106)
= 2x10° V/S?

In the circuit shown, switch ‘k’ is opened at t=0. Find the values of v, dv/dt, d’v/dt’ at

t=0+.
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Solution:
At t=0-
__r P v(0-)=0
—JL’
J \+ g'b‘;.x — 'HF
1oh 1 £
1 I .
At t=0+
= /i e i -|
[ k& F
g 4‘ ik e
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v (0+) = 0 since voltage across the capacitor cannot change instantaneously.

* Apply KCL to the given circuit at t = 0+, we get
VIR+ CdV/dt=10 ............ (1)
At t = 0+, equation (1) becomes
dV(0+)/dt = (10/C) — v(0+)/RC
=10/(1x10-6) - 0

=10" Volts/sec
«  Differentiate equation (1) with respect to t, we get
(1/R) dV/dt + cd2v /dt2 =0 ............. 2

At t = 0+, equation (2) becomes
cd2V (0+)/dt2 = - (1/R) dV(0+)/dt
d?Vv(0+)/dt? = -(1/RC)dv(0+)/dt
= - [1/(100x1x10-6)]x107)
= -10" v/s?

5. In the given circuit, switch ‘K’ is closed at t=0 with capacitor uncharged and zero
current in the inductor. Find di(t)/dt and d?i(t)/dt* at t = 0+
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Solution:
» At t=0- switch is open so i(0-)=0.
« At t=0+, the inductor will act as an open circuit and capacitor will act as an short
circuit, so i(0+)=0.
«  Applying KVL, V (t)=R i(t) + L di(t)/dt +1/C [ i(t)dt ........ (1)
V (0+)= R i(0+) + L di(0+)/dt +1/C [ i(0+)dt
100 = 100x0 +1x di(0+)/dt +(1/1x10-6) O dt
Therefore di(0+)/dt=100 A/S
« Differentiate equation (1) with respect to t, we get
0 = Rdi(t)/dt + L d2i(t)/dt2 +i(t)/C ........... ()
0 = Rdi(0+)/dt + L d2i(0+)/dt2 + 0
Therefore d?i(0+)/dt? = - (R/L)di(t)/dt = (100/1)x100
= -10000A/S°
6. In the network shown below, the switch ‘K’ is opened at t=0 after the network has
attained a steady state with the switch closed.
Find (a) the expression for the voltage across the switch at t =0+
(b) If the parameters are adjusted such that i(0+)=1 and  di(t)/dt = -1, what is
the value of the derivative of the voltage across the switch dV(0+)/dt =?
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Solution:
 Initially switch is closed indicates that the voltage across R1 and C is zero,
inductor acts as short circuit as steady state having been reached, Therefore
i(0-) = VIR, , voltage across cap =0,
» Switch is opened at t=0
Inductor acts as a current source of value V/R,, capacitor acts as short
» Hence: i(0+)= V/R; only as inductor does not allow any sudden change in current.
* Now general network after switching:
V= Ryi+ 1/cfidt + Roi + L di/dt
But the voltage across the switch Vk= Ry. i + (1/C) [ idt
e Att=0+, (1/C) [ idt=0
Therefore Vk= R1x i(0+)= R; XV/R,= VX(R1/R>)
dVi/dt =Ry di/dt +i/c=1/C - R;

7. In the following circuit with switch ‘k’ is closed, stead3y state has been reached. At
t=0, the switch is open. Find di(t)/dt, d%(t)/dt® and d®i(t)/dt® at t = O+ also Find
Vk(0+) and d®Vk (0+)/dt?.
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Solution:

Just before opening the switch i.e. at t=0-, the capacitor is redundant and inductor is
shorted so
i(0-) = VIR=2/1=2A =i(0+)
Apply KVL to the circuit, we get
V= (1/C)fidt +Ldi/dt +Rxi
Att=0+, 2=0+1di(0+)/dt +1x i(0+)
di(0+)/dt=2- 1x i(0+)=2-(1x 2)
=0A/S
Differentiate equation (1) w. r. t. t, we get
0 =i/C + Ld2i/dt2+ R di/dt
At t=0+, d?i(0+)/dt*=-(R/L) di(0+)/dt —i(0+)/LC
= 1/1 di(0+)/dt — i(0+)/[1x(1/2)]
=0-2x2
= -4 A/S?
Differentiate equation (1) twice w. r. t. t, we get
0= (1/C) di/dt + L d3i/dt3+ R d2i/dt2

At t=0+,
d®i(0+)/dt’=-2di(0+)/dt —d2i(0+)/dt2
= -2x0-(-4)
=4 AS?
From (1)

Vk+Ldi/dt +Rx i=2 (since (1/C) [idt= Vk
Differentiate above equation twice w. r. t. t, we get
d® Vk /dt® + Ldi/dt®*+Rd?i/dt?=0

At t=0+,

d?Vk(0+)/dt? = - Ld%i(0+)/dt>-Rd?i(0+)//dt?
= -1x 4-1x(-4)
=0 V/S?

8. Position of the switch is changed from 1 to 2 at t=0. Steady state was achieved at
position 1 determine i(t), di/dt and d?i/dt? at t=0+.
10Q
W
144K
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Solution:
* At t=0-, the circuit is as shown
* Inductor in steady state assumed as short circuit. YK 100
» So the current through it is =
1L(0)=20/10=2A. =) Y |
VC(O')=0V 20V b S.C ]
« At t=0+, the inductor behaves as current source of 2A and .

circuit so, 1. (0M)=2A and V.(0")=0V
For t>=0+, the circuit is as shown.
By applying KVL in the circuit above we get.

Ri(t) + Ld— + C[ i(t)dt I

dt

di
Rz(t)+LE+V(t)— o

At t=0%, Ri(0%) + Ldt OH+V.(0)=0
2R Ldi0+ 0=0
Fl G ()=

di 2R
—_— F = —_— = -
= (D) I 204/sec

Rd Ldzi i(t)_o
attaetc T
At t=07,
dci ot
(o+)+Ldt2(o+)+l( )

22

d2i 2
—20R+L—(O+)+——0

dt?
d2

—(0%)=—2x10%A/sec?

dt?

1uF J:/i(t)'é aln

=0

9. In the network shown below, a steady state is reached with the switch K open. At t =
0, the switch is closed. For the element values given, determine the values of Va(0-)

and Va(0+).
WOn—
——— AN N———————
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Solution:
o Att=0-
Req=10||(10+20)= 7.5Q
I=5/Req = 0.667A
I=It *10/(10+30) = 0.167A
Va(0-) = 20*1=3.34V

Since i (0-) = I1=0.667A =i (0+)

«  Att=0+
Applying KCL at Node a

(Va-5)/10+ Va/10+(Va-Vh)/20 = 0
0.25Va-0.05Vb=0.5......... (1)

Applying KCL at Node b

(Vb-5)/10+(Vb-Va)/20+0.667=0

-0.05Va+0.15Vb-0.167=0...

Solving equations 1 and 2 we get

Va=1.904V & Vb=-0.479V
Therefore
Va(0+) = 1.904V

From (1), Att = 0+,

®
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[Va(0+) -5]/10 + [Va(0+)] /10 + [Va(0+) -Vb(0+)]/20=0
[Va(0+) -5]/10 + [Va(0+)] /10 + [Va(0+) -5]/20 = 0
[2Va(0+) -10 + 2Va(0+) + Va(0+) -5]/20 =0

[5Va(0+) -15]/20 = 0
Va(0+) = 15/5=3V0lts

10. In the circuit shown below, the steady state is reached with switch ‘k’ is open. At t=0,
switch ‘k’ is closed. For the element values given, determine the value of Va(0-) and
Va(0+).

16N~
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Solution:
«  Att=0- -
Va(0-)=Vb(0-)=5 V Jﬂ“ﬁ’ﬁ 2 f ‘“ﬁ"f‘*“’
Vb(0-)=5V=Vb(0+) o N Jo.c
. Att=0+ | =
Apply KCL to the given circuit, we get o
(Va-5)/10 + (Va/10) + (Va-Vb)/20 =0 .....(2)
(Vb-5)/10 + (Vb-Va)/20 + CdVb/dt=0 .....(2)

12
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11. In the given circuit, switch ‘k’ is opened at t=0. Find the values of vi, v, dvi/dt and
dvy/dt at t = O+.

(3ITa)
T J L=W J ’[ 4‘»
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Solution:
Att=0- v4(0-)=0andv,(0-)=0

T I L-\'»vi" l T l

£

D | (S

At t= 0+
vi(0+) = ixR; = 10x10=100V
Vo(0+) =0and i»(0+) =0

A V() | . o Snie 6
/r» \'\<" o ZR"'G&L ‘\'L—‘o“ "J,Z("v") <
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W

Apply KCL to the given circuit at t = 0+, we get
vI/R1+ (1/L) [( v1- v2)dt = 0....... 1)
v2/R2 +(1/L) [( v2- v1)dt + ¢ dv2/dt = 0.... (2)
Differentiate equation (1) with respect to t, we get
(1/R1) dvl/dt +(1/L)(v1i-v2) =0
Att=0+,
(1/R1) dv1(0+)/dt + (1/L)v1(0+) - (/L )v2(0+) =0
dv;(0+)/dt = -R4/L v1 (0+) +(R/L )v,(0+)
=-(10/1)x 100 + (10/1) x 0

=-1000 volts/sec
From equation (2)
V(0+)/Rz + i (0+)+ Cdv,(0+)/dt =0
0+ 0+ cdvy(0+)/dt=0
Cdv,(0+)/dt = 0 volts/sec

12. Steady state reached with switch k open, Switch is closed at t=0. V=100V, R1=10 Q,
R,=R3=20Q), L=1H, C=1pF. Find voltage across C, initial values of i3, i, dii/dt, di,/dt at
t=0+ and also find di/dt at t=co0.

13
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Solution:
Switch k is opened : Steady State being established

Inductor acts as short circuit: capacitor acts as open:
I1(0-)= V/IR;+R, =3.33 A, 15(0-)=0;

Vc(0-)=i1*R, = 66.67V

At t=0 switch is closed: hence R; becomes redundant.

Inductor acts as a current source of value 3.33 A, Vc(0+)= 66.67 V

1,(0+) = (100 — 66.67)/20 = 1.67A

[,(0+)=3.33 A

General network after switching :
V=i1R; + L diy/dt------------------- (@)
V=ip Rs + 1/¢ Jigdt --mmmmmmmmmmmeev (b)

diy(0+)/dt = (V-i1Ry) /L = 33.3A/s

diff egn (b) we get
dip(0+)/dt=- i,(0+)/R3C = -83500 A/s

13. In the network shown , switch K is changed from position a to b at t=0, steady state
being established at position a. Show that i1(0+)=i(0+)= -V/(R1+R2+R3), i3(0+)=0

[
1

|
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| VYV R0
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| =3 AP 2
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.
l e C
Solution:

Steady state being established at position a, Means inductors act as short circuit,
capacitors act as open circuit
Switch being at position a, we can see that
11(0-)=0, i2(0-)=0 i3(0-)=0
and
Vc1(0-)=0, Vc2(0-)=0 and Vc3(0-)=V.
When switch is moved to position b, Only C3 will act as a voltage source, No current

i1, i2 and i3 hence inductor L1 and L2 acts as open and Vc3 =V
We get i3(0+)=0 And i1=i2=-V/ R1+R>+R3

14
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Laplace Transformation and Applications

Objectives:

» To Know What is Laplace Transform

* What are advantages of Laplace Transform
+ Laplace Transforms of Standard Functions
 Initial and Final VValue Theorems

» Applications of Laplace Transform

» Waveform Synthesis

What is Transform?
A mathematical conversion from one way of thinking to another to make a
problem easier to solve is called as transform.

problemin solutionin
original original
way of way of

thinking thinking

Laplace Transform:

problemin solutionin
time time
domain domain

It’s a transformation method used for solving differential equation, which transforms
signal from time domain t to complex frequency domain S.

It is defined as
L[f(t)]=F(s)=[ f(t)e*dt
Where S is the complex frequency

15
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Inverse Laplace Transform is defined as

L'[F(s)]=f1(t) = —J j F(s)e“ds

Advantages of Laplace Transform

» The solution of differential equation using LT, progresses systematically. We use
Laplace transform to convert equations having complex differential equations to
relatively simple equations having polynomials which are easier to solve.

« With Laplace transform nth degree differential equation can be transformed into
an nth degree polynomial. One can easily solve the polynomial to get the result
and then change it into a differential equation using inverse Laplace transform.

 Initial conditions are automatically specified in transformed equation.

« The method gives complete solution in one operation. (Both complementary
function and particular Integral in one operation)

Standard Functions

The three important singularity functions employed in circuit analysis are:
» Unit Step Function [u(t)]
» Delta function [5(t)]
» Ramp Function [r(t)]

They are called singularity functions because they are either not finite or they do not
possess finite derivatives everywhere.

Unit Step Function [u(t)]
The unit step function, u(t)
— Mathematical definition

u(t) =

t<0
t>0

u(t)

16
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» A more general unit step function is u(t-a)

{0 I <a !
u(t—a) =

1 t>a

» The gate function can be constructed from u(t)
— arectangular pulse that starts at t=t and ends at t=t +T
— like an on/off switch

1

u(t-t) - u(t- =-T)

T »>

0 T +T t

Similarly, the unit step function that occurs att = —a is expressed as u(t + a).

Thus. u(f+a}:{0‘ t+a<0ort<—a

1, t+a=00o0rt>—a

u(1+a)

ol §

Delta function [o(t)]
The derivative of the unit step function u(t) is the unit impulse function 3(t).

d 0, t =<0 8(1)
5(t) = Zu(t) = undefined, =0 T“)
! 0, t>0

17
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The unit impulse may be visualized as very short duration pulse of unit area.
0t
f §(t)dt = 1
0—

* The delta or unit impulse function, o(t)

— Mathematical definition (non-pure version)

S(t—t) 0 t=t
S| t=t
— Graphical illustration
At)
1+
0 o t
A 530
Figure shows impulse functions,
T 25(t+2) 20(t+ 2), 50(t) and -20(t-3)
E3 2 ]Il 0 i }2 l:s i .
=28(1-3)

An important property of the unit impulse function is what is often called the sifting
property; which is exhibited by the following integral:

ff(f}é(f_fﬂ}df:{ f{tﬂ')l t] <ip <12

0, t1 = tp > t2
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Ramp function [r(t)]

Integrating the unit step function u(t) results in the unit ramp function r(t).

i
r(f)
r(t) = f u(T)dr = tu(t)
//A\,
—oo =
or r(t) = 0, <0
"WEY L ot>o0 , .-
”:I_In}
"\'
ry 0, t<1fp
rit—1g) = -
,,\.;,'5' (t = o) {t—tg, t>1g
o
| -
0 1
Ht+ty)
N
%‘r‘ﬁ g} — 0, t<—t
r(t+to) = t ity t> —tg
./ -t

0

* Relation Between Three Singularity Functions:

It is very important to note that the three sigularity functions are related by differentiation as

or by integration as

5(t) = d?;if)‘ u(t) = d;,f)
i t
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Functional Laplace Transforms

1. Unit Step Function [u(t)]

0 t<0
u(t) =
® {l t>0

14t __!:
L[u(t)]=F(s) = jo le dt =

2. Unit Impulse Function [8(t)]

S(t) = 0 t#0
()= 1 t=0

L[s(t)]=F(s)=[ s(t)edt =1

3. Unit Ramp Function [r(t)]

0 t<0
r(t):{t t>0
L{tu(t)} = [te"dt

()
S ]

:O+ETe‘“dt
So
l( 1 tjw 1
s\Us ) s

20
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Laplace Transform Properties
Theorem | Property Ji0) F(s)

1 Scaling A f(t) AF(s)

2 Linearity F10) £ fo(t) Fi(s) £ Fa(s)

3 Time Scaling f(at) EF[EJ a>0

a a

4 Time Shifting F(t-to) u(t-to) e®5 F(s) t>0

6 Frequency Shifting e™ f(t) F(s+a)

9 Time Domain d f(t) s F(s) - f(0)
Differentiation dt

7 Frequency Domain t £(t) —dF(s)
Differentiation ds

10 Time Domain ' f 1
Integration J.O (7) dz S F(s)

11 Convolution J‘; f.(r) f,(t—7)dr Fi(s) Fa(s)

Laplace Transforms of some important functions

1. Exponential Function:

f(t) =e “u(t), where a > 0 and u(t) is the unit step function.
Lle "u(t)} =F(s) = [_f(f}dt
0

e m‘.e Stdf

S~

e (s+a)t |
(s+a) o

1

C s+a

21
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2. Sinusoidal Function:

0

1 1 1
2] S—JwW S+ jw

W
S*+ W’

Lisin(wt)]=] Z_jejw et

3. Cosine Function:

L[cos(wt)]=] (e"+e "),

0

i 1
2 s—jw s+ jw

S
S*+ W’

dt

4. Find L[e™ cos(wt)]:

Let f(t) = cos(wt)
Then
S

FG)=_
S* +W

(s+a)

and F(S+a):(s+a)2 o

22
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5. Laplace Transform of cosh(at) and sinh(at)

${cosh(at)} = %EE{:’:”"} + %Ef{r-;‘”f'}

_1 1 N 1
" 21ls—a s+4+a

.‘:'2 — I!',i'."'-=L

1
(b) sinh at = E[ﬁ.ﬂf- _ t,_;—raf.]

Applying leezu'it}r property,

. 1 1 1
nE{Slnh{a”} T 2| s—a s + a
L
— 52 _ g2
Laplace Transform of Periodic Functions
If f(t) is periodic with period T then

p t
-s

[f(t)edt

1_ e—sT

Initial and Final Values
The initial-value and final-value properties allow us to find the initial value f(0) and
(o) of f(t) directly from its Laplace transform F(s).

Initial-value theorem

f(0) = !m SF(s)

23
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The initial-value theorem allows us to find the initial value =(0)
directly from its Laplace transform X (s).
If =(t) is a causal signal,
then, r(0) = lim sX(s)
Proof:
To prove this theorem, we use the time differentiation property.

i{ d‘f)} — sX(s) — 2(0) = m% st gy

[f we let s — oo, then the integral on the right side of equation (3.10) vanishes due to damping

factor, e~ .

Thus, lim [sX(s)—z(0)]=0
N (0) = lim sX(s)

Example:

Given;

F(s)= (s +22) :
(s+1)°+5
Find f(0)
2
£(0)=lim sF(s)=lim s +22) =lim [ 28
(s+D°+5 s“+2s+1+25
2/2 2
— lim 0 / sT+ 25/ 0 1

sz/s2 +2s/s2 +(26/sz) B

24
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Final-value theorem

f () = lim sF(s)

The final-value theorem allows us to find the final value = (oc) directly from its Laplace transform

X(s).

If =(t) is a causal signal,
then fllm x(t) = hmo sX(s)
Proof:

(it
), is given by

The Laplace transform of a‘r

et

mdr(f)
- T(U:] =
=

Taking the limit s — () on both the sides, we get

llm[&rX{s —z(0)] = _Sﬁdt
EI'
[ dx(t
= f dz(t) [llmF "#] dt
1 s—0
0
T dx(t)
_[ dt at
0
= T f)mo
= x(nc) — xz(0)
X(0) = limsX(s)
Example:
Given:
F(s)= (s +2)2 -3 note Fﬁl(s):te”' cos 3¢
s+2)2 +3?
Find £ (o)

2 a2
f(w)=lim sF(s)= lim s (s+2)2 32
s3>0 s+2)"+3
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Waveform Synthesis:

1.Find the Laplace transform of x(t), shown in Figure below

x(t)
141
I | p——
0 1 2 3 4 5
Given waveform can be split into two as shown below
(!
10
+ —— >
+ 01 2 3 |45

; —+—+—>! -1 (N

0 1 2 3 4 5
L o 1,

2.Find the Laplace transform of the staircase waveform shown in Figure below
vit)
4

26
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We can express mathematically, the voltage waveform shown in Fig.

(1, 1<t<?2
2, 2<t<3
v(t)=< 3, 3<i<d4
4, 4<1<5H
| 0, elsewhere
or v(t)=u(t—1)—u(t—2)]+2[u(t —2) —u(t —3)]

+3[u(t—3)—u(t—4)]+4u(t—4)—u(t—>5)
=u(t—1)+u(t—2)4u(t—3)+u(t—4)—4u(t —5)
Taking the Laplace transform, we get

Vi(s) = 1 [e_’ te 2 eI et —43_5”]
s

3.Express the current pulse in Figure below in terms of the unit step.

Find a) L{i)r  b) L{Ji(dt}
i)

-5 -+

The given waveform can be split into three parts
i(t) =i1(t) +i2(t) +i3(t)

i(t)= 5u(t) — 10u(t-2) + 5u(t- 4)

Taking Laplace Transform we get

27
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Let f(t) = [i(t)dt
then f(t) = [[5u(t)-10u(t-2) + 5u(t-4)]dt
= 5r(t)- 10r(t- 2) + 5r(t- 4)

L)} =F(s)
=L {5r(t) — 10r(t — 2) + 5r(t — 4)}
10(_,—2.‘5 4 ir_,—%

.‘:'2 ’ .‘:'2 ’

1—2e 25 | g4
[

5]
52

5

=2

4.0btain the Laplace Transform of saw tooth waveform shown in Figure below
AfLE)

> ¢
o T

The above saw tooth signal can be split into three parts i.e. initial ramp of slope A/T,
ramp of slope —A/T and a step from A to zero.

f(t)= A/T tu(t) - A/T(E-T)u(t-T) — Au(t-T)
Taking LT we get
F(s) = AITS? -AITS% T -A/Se ™
= AITSH1-e5T-STe ™ ]

5.Find the Laplace Transform of the periodic signal x(t) shown below

| _\ I\ I\
, , , | | [ (5€C)
0 1 2 3 4 5

= -

» The given signal is a periodic signal with period T= 2 sec
» Let x1(t) be the signal x(t) over one period which may be viewed as multiplication
of xA(t) and g(t) as shown below

x,(0) x() U
1’\ 1’\ |
] - | - }

1 1 I | - ] Lt
0 1 2 0 ;\ 2 0 1 2

A
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r1(t) = 24(0)9(0)
=[—t + 1[u(t) — u(t — 1)]
r1(t) = —tu(t) +tu(t — 1)+ u(t) —u(t — 1)
= —tu(t)+(t — 14+ )u(t — 1)+ ult) — u(t — 1)
= —tu(t)+(t —Lu(t — 1) +u(t — 1) +u(t) — u(t — 1)
=u(t) —tu(t)+(t — Lu(t —1)
=u(t) —r(t)+r(t—1)

L —

1 1
—2 E =

1
5

—1+e
&2

X(s) = X1(s)/(1-e2%)

6.Using standard waveforms express the waveform given (periodic) in Figure below and
obtain its Laplace transform.

I
S
S
A
|

w— = -k

—— - ~

°1 4 2 %2 ¢ 5§ ¢

» The one cycle of above waveform can be split into three parts a step of 4V at t=1,
ramp of slope -4 at t=2 and ramp of slope +4 at t=3.

Liey= AR +HLE + 3 (6 fow 1 gt

A_LEMH@ { 47(6 2} Jruw(e 3f//

2
..2;
FC)= 4 [ & _ "
< —;. SL
\ —s 4 %
Pvaﬂ(»'c £ils) = 7 ,.[i—i + &
P S cZ <=
| =
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7.Refer the circuit shown below and Find i(0) and i(e0) using initial and final value
theorems.

‘ i(07)=1A

vi=10v,20 ( @ L=2H

Applying KVVL we get

IR + Ldi/dt = v(t)
i +2di/dt =10

Taking LT we get
I(s) + 2[sl(s) — i(0-)] = 10/s
I(S)[1 + 2s] = 10/s + 2

I(s) = (10 +2s)/s(1+2s)

= (5+s)/s(s+1/2)

According to initial value theorem

2(0) = lim s7(s)
< * OO

= lim s
= *> OO

— Sh}l’nc 'l =3

e =
According to initial value theorem
i(o0) = lim s7(s)
s(s+5) 5
AN\ T 2
e(++1)

8.For the circuit shown below (a) write a differential equation for the inductor current
iL(t). (b) Find IL(s) the Laplace transform of iL(t) (c) Solve for iL(t).

i(0 10Q

=AW

e 3

i, (07)=SmA

= lim = 1 0: A
5—0
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Applying KVL we get
i (MR + Ldi (t)/dt = v(t)
100, (1) + Sdi (t)/dt = Su(t - 2)
Taking LT we get
10l (s) + 5[sl (s) — i, (0-)]
= 5/se=2s

5
;E_ES +5i,(07)

Ii(s) =—"75
B e 2 4 5x 1073
s(s+2)
K K 5x 10735
- ES[ .?L +3—|—22] * (s +2)
R . L
2 § s8+2 (s +2)

Taking Inverse Laplace transform, we get

i (t) = [u{t) — E_ztu(ﬂ] g tOX 10732 u(t)

(u(t—2) — e Hy(t —2)] + 5 x 10~ 3 2u(t)

bo| = D]

9.In the circuit shown in figure, steady state is reached with switch K open. Obtain the
expression for current when switch K is closed at t=0. Assume R1=1Q, R2=1 Q, L=1H
V=10V

e
R2
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Applying KVL, with the switch is closed

Vu(t) = R1i(t) + L%

Taking Laplace transform of the above equation yields

g = R1I(s) + L[sI(s) —i(0)]

. v 10 |
1(0) = T 3.3334Amp

Substituting the values of R1, L and i(0-)

10 + 3.333s

[(s) = s(s+1)

i(t) = [10 — 6.667e~tJu(t) Amp
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