Module 1

Stress & Strain

Objectives:
Classify the stresses into various categories and define elastic properties of materials and
compute stress and strain intensities caused by applied loads in simple and compound sections

and temperature changes.

Learning Structure

e Classification Of Engineering Materials

e Choice Of Selection Of Engineering Materials

e Physical Properties Of Materials

e Mechanical Properties

e Stress, Strain And Hook’s Law

e Stress — Strain Relation Or Diagram For Ductile Material
e Stress — Strain Relation Or Diagram For Brittle Material
e Problems

e Elongation Of Tapering Bars Of Circular Cross Section
e Elongation Of Tapering Bars Of Rectangular Cross Section
e Elongation In Bar Due To Self-Weight

e Compound Or Composite Bars

e Temperature Stresses In A Single Bar

e Temperature Stresses In A Composite Bar

e Simple Shear Stress And Shear Strain

e Complementary Shear Stresses

e Volumetric Strain

e Bulk Modulus

¢ Relation Between Elastic Constants

e Exercise Problems

e Qutcomes



1.1 Classification of Engineering Materials

Engineering Materials
|

Metal & Their Alloys Non-Metals
Ex: Iron, Steel, Copper, Aluminium etc.., Ex: Glass, Rubber

Ferrous Metals
(Iron will be main constitute)
Ex: Cast Iron, Wrought Iron
& Steel

Non- Ferrous Metals
(Other than Iron will be main
constitute)

Ex: Copper, Aluminium,
Brass, Tin, Zinc Etc._.,

1.2 Choice of Selection of Engineering Materials

» Auvailability of materials.

>
>

Sustainability of materials for the working conditions in service.

Cost of materials.

1.3 Physical Properties of Materials

YV V VYV VYV V

Lustre
Colour
Size
Density
Shape



1.4 Mechanical Properties

Load (F or P)
It is defined as any external force acting on a body

Elasticity
It is the property by virtue of which a material deformed under the load is enable to
return to its original dimension when load is removed.

If the body regains completely its original shape, it is said to be perfectly elastic.

Stress

Elastic Limit

| Elasticity | Plasticity
Strain

In the above figure, the specimen is loaded upto point A, well within the elastic limit
E. When load corresponding to point A is gradually removed the curve follows the same
path AO and Strain completely disappears. Such a behaviour is known as Elastic

behaviour. Steel is more elastic than rubber.

Plasticity
It is the converse of Elasticity. It is the property of a material which retains the

deformation produced under the load permanently.

Ductility

It is the property of a material which exhibits large deformations in longitudinal
direction under the application of tensile force before failure.

A ductile material must be strong and plastic. The ductility is measured in terms of %

elongation or % reduction in cross-sectional area of test specimen.

_

Ex: Mild steel, Brass, Aluminium, Nickel, Zinc, Tin, Lead etc..,




Brittleness
It is the property of a material which exhibits little or no yielding before failure.

Generally brittle materials are have higher strength in compression than in tension.

Ex: Cast Iron, High carbon steel, Concrete, Stone, Glass, Ceramic materials etc..,

Malleability

It is the property of a material which permits the material to be extended in all
directions without rupture.

A malleable material possesses a high degree of plasticity but not necessarily great

strength

Ex: Gold, Lead, Soft steel, wrought iron, Copper, Aluminium, etc..,

Strength
It is the ability of a material to resist the externally applied forces without breaking or
yielding.
The load required to cause fracture divided by the area of the test specimen is termed

as ultimate strength of the material.

Toughness
It is the property of a material which enables it to absorb energy without fracture.

e

BRITTLE




This property is desirable in parts subjected to impact and shock loads. Toughness is
measured in terms of energy required per unit volume of the material to cause rupture

under the action of gradually increasing tensile load.

Hardness
It is the ability of the material to resist indentation or surface abrasion.
It embraces many different properties such as resistance to wear, scratching,

deformation, machinability etc..,

Load
I’
’ (?d
2 A
TestProcedure TestResult

Stiffness
It is the ability of a material to resist deformation under stress.

The stiffness is measured by the modulus of elasticity in case of axially loaded members

Creep

Whenever a member or part of a machine subjected to a constant stress at high
temperature for a longer period of time, it will undergo a slow and permanent
deformation called creep.

Resilience

It is the property of the material to absorb energy and to resist shock and Impact

loads.

It is measured by the amount of energy absorbed per unit volume within elastic limit,




1.5 Stress, Strain and Hook’s law

The most fundamental concepts in mechanics of materials are stress and strain. These
concepts can be illustrated in their most elementary form by considering a prismatic bar
subjected to axial forces. A prismatic bar is a straight structural member having the same
cross section throughout its length, and an axial force is a load directed along the axis of the

member, resulting in either tension or compression in the bar.
h Axially loaded bar
Prismatic bar
1.5.1 Stress

When a body is acted upon by external force F, or Load P, internal resisting force is setup in
the body such a body is said to be in state of stress, hence the resistance offered by the body
against deformation due to the application of load is called as stress.

Or

The Internal resisting force per unit area at any section of the body is known as Stress

It is denoted by & (Sigma),

Applied Load or Force _ ForP N

Stress ¢ = - = 5
Cross—sectional Area A mm

In general, the stresses s acting on a plane surface may be uniform throughout the area or may

vary in intensity from one point to another.
1.5.1.1 Types of Stresses

1) Normal Stress

a) Tensile Stress

b) Compressive Stress
2) Shear Stress
3) Bearing Stress



1. Normal Stress
A normal stress is a stress that occurs when a member is loaded by an axial force. (Axial
force is the force acting along the axis of the specimen).

Normal stress can be either tensile or compressive in nature.

a) Tensile stress
When a load is acting in such a way that it tends to extend the material in the direction of

application of load is called tensile load and the corresponding stress is called tensile stress.

F or P+ =»F or P

PorF N
A mm?

Tensile stress, 6 =

b) Compressive stress

When a load is acting in such a way that it tends to shorten the material in the direction of
application of load is called compressive load and the corresponding stress is called

compressive stress.

F or P=p =F or P

PorF N

A mm?2

Compressive stress, 6 =

When a sign convention for normal stresses is required, it is customary to define tensile

stresses as positive and compressive stresses as negative.

2. Shear Stress
Shearing stress is a force that causes two contacting parts or layers to slide upon each other in
opposite directions. The stress developed at the contacting surfaces is known as shear stress.

PorF ¢ |

I-}P or F

Shearing Force _ PorF N

Shear Stress, T = =
> Shearing Area A mm?2



3. Bearing Stress
A Localised compressive stress at the surface of contact between two members of a machine
part that are relatively at rest is known as Bearing stress or crushing stress.

t
P J_Elj_‘
<
T P

-

Bearing Stress = LA .
A td mm?2

Where,

t = Thickness of Plate

d = Diameter of the bolt
1.5.2 Strain
When a body is subjected to some external force there is some change in dimensions of the
body.

The ratio of change in dimensions of the body to the original dimensions is known as Strain
(e)

Change in Dimension

Strain € = ——— - ,
Original Dimension

Strain is dimensionless
1.5.2.1 Types of Strain

1) Linear Strain

a) Tensile Strain

b) Compressive Strain
2) Lateral Strain
3) Shear Strain

4) Volumetric Strain



1. Linear Strain

A straight bar will change in length when loaded axially, becoming longer when in tension and
shorter when in compression. This change in dimensions in axial direction is known as Linear
Strain.

Tensile Strain,

p— | }_.F
|

! ‘

) ) Change in length (Extension) dl _ 6l
Tensile Strain € = — =—=_
Original length 1 1

Compressive Strain,

J—
R ‘ ‘ .

‘ |
I

. . Change in Length (Reduction) dl _ 8l
Compressive Strain € = — =—=—
Original Length 1 1

2. Lateral Strain

Lateral strain, also known as transverse strain, which takes place at right angles to the

direction of applied load is known as lateral strain.

Lateral strain

J
P<::=0: ﬁ j):::»P

Lateral strain




3. Shear Strain

Shear strain is the ratio of deformation to original dimensions. In the case of shear strain, it is

the amount of deformation perpendicular to a given line rather than parallel to it.

MHotrra YMram hepar Mirgen

4. Volumetric Strain
It is the ratio of change in volume to its original volume
ov

Volumetric Strain, &, = v

1.5.3 Poison’s ratio

It is the ratio of lateral strain to linear strain

Lateral Strain

Poison’s ratio p = — -
Linear Strain

Poisson's ratio

Lateral strain

U
Linear strain <= (D j) C=">> Linear strain
f

Lateral strain
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1.5.4 Hook’s Law
It states that “When a material is loaded within its elastic limit, stress is directly
proportional to the strain”

Stress a Strain

Stress
|.e -
Strain

= Constant

(0]
ie —=E
€

Where,

E = A constant of proportionality known as Modulus of Elasticity E

o = Stress & € = Strain

Hook’s law holds good for tension as well as compression.

1.5.5 Modulus of Elasticity or Young’s Modulus (E)

Modulus of Elasticity or Young’s Modulus (E) is the constant of proportionality and is defined
as the ratio of linear stress to linear strain within elastic limit.

. Linear stress (Tensile or Compressive) _ O
Modulus of Elasticity, E = = —

Linear Strain (Tensile or Compressive) &

o

~ E = — MPaor GPa
&

1.5.6 Factor of Safety (FOS)

It is defined as the ratio of ultimate stress or yield stress to the working or allowable or design
stress

Ultimate or Yield Stress
Working or Allowable or Design Stress

FOS =

12



1.6 Stress — Strain Relation or Diagram for Ductile Material (Mild Steel or Low carbon

steel)

A stress-strain diagram for a typical structural steel as a specimen in tension is shown in Figure.

Strains are plotted on the horizontal axis and stresses on the vertical axis.

Standard tensile test specimen

[ et
—

The load on the test specimen is increased gradually from zero in suitable increments till the
specimen fails and the corresponding graph will be computed as shown in the figure below.

Stress 0 ——p

Lo True
I stress-strain
. curve
Ultimate tensile stress igp®T

"""""""""" E Engg. '

stress-sirain
B C curve
D F
A

A : Proportional limit
B : Elastic limit
C, D : Upper and lower yield points
E : Ultimate stress point
F : Breaking point

Strain € ————

13



Proportional Limit (A)

From O to A the curve is straight and linear and hence proportional limit is the limiting value
of stress upto which stress is directly proportional to strain and hence Hooke’s law holds good
upto point A.

Stress a Strain
Elastic Limit (B)

The point B is slightly beyond point A and is known as Elastic limit. Upto point B, the material
will regain its original size and shape when load is removed. This indicates that the material

has elastic properties upto point B.

Upper Yield Point (C)

If the material is stressed beyond point B, plastic deformation starts and the material does not

regain its original size and shape upon unload and this phenomenon is called as Yielding.

A point at which Maximum load or stress required to initiate the plastic deformation or
yielding of the material is called as Upper yield point “C”. At this point the dislocations or

slip in the crystalline structure starts moving.

Lower Yield Point (D)

As the dislocations or slip is taking place in the material, it offers less resistance to the

material and hence curve falls slightly.

A point at which minimum load or stress required to maintain the plastic deformation or
yielding of the material is called as Lower yield point “D” and this point depicts the end of

plastic deformation of the material.

Dislocations or slip become too much in number and they restrict each other’s movement.

14



Ultimate Stress point (E)

After Lower Yield point D, Strain Hardening in the materials takes place. Strain hardening,
also known as work hardening, is the strengthening of a metal occurs because of dislocation
movements within the crystal structure of the material and hence there is a positive rise in curve

from D to E. In this region as stress increases strain also increases

At point E the specimen takes maximum load, and the corresponding stress at point E is called

the ultimate stress point “E”.

Breaking Point (F)

Beyond the ultimate stress point is reached Necking takes place and the cross sectional area
considerably decreases, the load carrying capacity of the specimen reduces and hence in the
portion E to F the strain increases with decrease in stress. At point F the specimen breaks. The

stress at this point is called breaking stress or fracture stress.

1.7 True Stress - Strain and Engineering Stress - Strain

Let P be the load, A, be the original area of Cross-section, A be the area of cross-section at

any instant.

Engineering stress is the applied load divided by the original cross-sectional area of a
material. Also known as nominal stress.
Load P N

Engineering Stress 6 = —— —— = 2
Original Area of Cross—section A, mm

True stress is the applied load divided by the actual cross-sectional area (the changing area

with respect to time) of the specimen at that load

Load _

P N
True Stress ¢ = : - = — >
Actual Area of Cross—section atany instant A mm

Engineering strain is the change in length to its original length in a tensile test. Also known
as nominal strain.

. . ) 81
Engineering Strain € = T

. . . . 81
True strain is the sum of all the strains over the original length. True Straine = T

15



Additional Information — Photo Gallery

OVERALL LENGTH

A

DISTANCE BETWEEN SHOULDERS

GAGE

LENGTH
GRIP SECTION - -

DIA. OR WIDTH
WIDTH OF

GRIP SECTION -E =
"REDUCED" SECTION

Detailed information for specimen preparation

Various Specimens

UTM for testing and Computer to plot Stress-Strain curve.

16



Plastic
Region

v

Dislocation
M disappeared

d

Location of plastic region Location of Dislocation upon Loading and Unloading

Necking in Tensile specimen

PIITY | ——

";g\",ﬂ.u

y [

v
6 -

— 3 ~+=d=42nm

©

G 4 ~#~d=46nm

g : —+—d =58 nm

S —eo—d =89 nm

w

-a—d=118 nm

0 L L L L L] 1] 1
0 002 004 006 0.08 01 0.12 0.14
strain
Specimens undergoing test Actual Stress-Strain curve

17



1.7 Stress — Strain Relation or Diagram for Brittle Material

Brittle materials, which includes cast iron,
Fracture glass, and stone do not have a yield point, and
do not strain-harden. Therefore, the ultimate

Stress O

strength and breaking strength are the same. A
typical stress—strain curve is shown in the

figure.

Strain €

Proof Stress:

For materials which do not have clearly

defined yield point, an arbitrary yield point is

stress

P!E‘Ef_’;“_'_'_’_“i_‘ defined by drawing a line which is offset by a
‘ certain strain value and is parallel to the
original stress-strain line (within proportional
limit). The strain by which line is offset can
be 0.1% or 0.2% and the corresponding stress

i is the Proof Stress at 0.1% or 0.2% strain
0.2% strain

respectively.

Additional formulas to remember:

Percentage Elongation in Length,

Final Length—Initial Length
S 22 x 100

% Elongation =
9 Initial Length

. Lg-L
% Elongation = fL_ - x 100
1

Percentage Reduction in Area,

Initial Area—Final Area

% Reduction = x 100

Initial Area

1

______________________________________________________________________________________________|
18
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1.8 Problems

1. The following data refer to a mild steel specimen tested in a laboratory

e Diameter of the specimen - 25mm

e Length of the specimen — 300 mm

e Extension under a load of 15kN — 0.045 mm

e Load at yield point — 127.65kN

e Maximum load — 208.60kN

e Length of the specimen after failure — 375mm

e Neck diameter —17.75mm

Determine Young’s modulus, Yield stress, Ultimate stress, % Elongation, % Reduction in

area, safe or permissible stress adopting a factor of safety 2

Given Data:
do = 25mm, df = 17.75mm, Lo, = 300mm, Lf=375mm, 8l = 0.045mm, Fmax = 208.60kN

_ nd,® mx252
Area of the specimen, A = 2 = 2 = 490.87 mm?
F _ 15x10°3 N
6=—= ——— = 3055 —
A 490.87 mm
81 _ 0.045
g = —=——=15x10"
1 300
o 30.55 N
—Young’s Modulus E = —=——— = 203.66x10°
g 1.5x107% mm?
. F _ 127.65x103 N
— Yield stress oy = — = —22% = 260.04 >
A 490.87 mm
. F _ 208.60x103 N
—> Ultimate stress 6y = — = ————— = 424.95 >
A 490.87 mm

. Le-Ly 375-300
— % Elongation = —— x 100 = —og X100 =25%

1

. Ai—A
—9% Reduction = ‘A—f x 100

1

1Tdf2
4

_ mx17.752

As= = 247.44 mm?

19



490.87—247.44
490.87

x100 = 49.59 %

Ultimate or Yield Stress

— FOS = - -
Working or Allowable or Design Stress

Note:

In question they have asked for safe permissible stress hence take yield stress for calculation
For Maximum permissible stress take ultimate stress for calculation

Yield Stress
~ Working or Allowable or Design Stress

. FOS

Wkt, FOS =2

260.04
~ Working or Allowable or Design Stress

260.04 N
= 130.02

Working stress or Design stress =
mm?

2. A rod 150 cm long and a diameter 2 cm is subjected to an axial pull of 20kN. If the
modulus of elasticity of material is 200 GPa. Determine stress, strain and Elongation of

rod.
Given data:

I =150 cm = 1500 mm
d=2cm=20mm
P = 20kN = 20x10° N

N
E = 200 GPa = 200x10° >
mm

wd? 1202

Area=—= = 314.15 mm?
4 4

F  20x103 N
0T AT 31415 3.66

(0} ()
JE = — m— oo — = 9300 _3483v104

& E 200x103

Sl
—g= m— 5l = ¢ x 1=3.183x10" x 1500

ol = 0.477 mm
|
20



3. A bar of a rectangular section of 20 mm x 30 mm and a length of 500 mm is subjected
to an axial compressive load of 60 kN. If E = 102 kN/mm2 and v = 0.34, determine the
changes in the length and the sides of the bar.

e Since the bar is subjected to compression, there will be decrease in length, increase in
breadth and depth. These are computed as shown below

e L =500 mm, b =20 mm, d =30 mm, P =60 x1000 = 60000 N, E = 102000 N/mm2

e Cross-sectional area A = 20 x 30 = 600 mm2

e Compressive stress o = P/A = 60000/600 = 100 N/mm2

e Longitudinal strain eL = o/E = 100/102000 = 0.00098

e Lateral strain glat= v eL = 0.34 x 0.00098 = 0.00033

e Decrease in length 6L = e. L = 0.00098 x 500 = 0.49 mm

e Increase in breadth db = eiatb = 0.00033 x 20 = 0.0066 mm

e Increase in depth &d = elatd = 0.00033 x 30 = 0.0099 mm

4. Determine the stress in each section of the bar shown in the following figure when
subjected to an axial tensile load of 20 kN. The central section is of square cross-section;
the other portions are of circular section. What will be the total extension of the bar? For
the bar material E = 210000MPa.

100 mm 400

L 250 | S—

‘lmu | 0 mim |

WA o——at— -A— B — — 3 20 kN

20 mm dia I0mm 15 mm dia

square

The bar consists of three sections with change in diameter. Loads are applied only at the ends.
The stress and deformation in each section of the bar are computed separately. The total
extension of the bar is then obtained as the sum of extensions of all the three sections. These
are illustrated in the following steps.

The bar is in equilibrium under the action of applied forces

Stress in each section of bar = P/A and P = 20000N

21



i. Area of Bar A = n x 202/4 = 314.16 mm?2

ii. Stress in Bar A : A = 20000/ 314.16 = 63.66MPa

iii. Area of Bar B = 30 x30 = 900 mm2

iv. Stress in Bar B : o8 = 20000/ 900 = 22.22MPa

v. Area of Bar C = n x 152/4 = 176.715 mm2

vi. Stress in Bar C : oc = 20000/ 176.715 = 113.18MPa
Extension of each section of bar = cL/E and E = 210000 MPa
I. Extension of Bar A =63.66 x 250 / 210000= 0.0758 mm
ii. Extension of Bar B = 22.22 x 100 / 210000= 0.0106 mm
iii. Extension of Bar C = 113.18 x 400 / 210000= 0.2155 mm
Total extension of the bar = 0. 302mm

5. Determine the overall change in length of the bar shown in the figure below with
following data: E = 100000 N/mm2

20 mm dia
10000 N 14 mm dia 10 mm dia
= — — o e s = 1111 1 B RE bt —— 16000
200008
i m

I

< 100 mm-»|€— 140 mm —»|€—150 mm —»

The bar is with varying cross-sections and subjected to forces at ends as well as at other interior
locations. It is necessary to study the equilibrium of each portion separately and compute the
change in length in each portion. The total change in length of the bar is then obtained as the
sum of extensions of all the three sections as shown below.

Forces acting on each portion of the bar for equilibrium

30000N = | g 30000 N

200008
o | g 50000 N

snunnx_pc—E“” 0N | g— 16000N

22



Sectional Areas

w202 mx142 Tx102

= 78.54 mm?

A = =314.16 mm?: A, = = 153.94 mm?; Ay =

Change in length in Portion I

Portion I of the bar is subjected to an axial compression of 30000N. This results in decrease in

length which can be computed as

PL; 30000 x 100

= = = 0.096 mm
AE 314.16 x 100000

oLy

Change in length in Portion IT
Portion II of the bar is subjected to an axial compression of 50000N ( 30000 + 20000). This

results in decrease in length which can be computed as

Pyl, 50000 x 140

= = 0.455mm
ApE 153.94 x 100000

51{1; =

Change n length in Portion ITI
Portion IIT of the bar is subjected to an axial compression of (50000 — 34000) = 16000N. This

results in decrease in length which can be computed as

_ Pyly 16000 x 150

L, = = = 0.306mm
™ 4,,E — 78.54 x 100000

Since each portion of the bar results in decrease in length, they can be added without any
algebraic signs.
Hence Total decrease in length = 0.096 + 0.455 + 0.306 = 0.857mm

Note:

For equilibrium, if some portion of the bar may be subjected to tension and some other portion
to compression resulting in increase or decrease in length in different portions of the bar. In
such cases, the total change in length is computed as the sum of change in length of each portion
of the bar with proper algebraic signs. Generally positive sign (+) is used for increase in length

and negative sign (-) for decrease in length.
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1.9 Elongation of tapering bars of circular cross section

Consider a circular bar uniformly tapered from diameter d1 at one end and gradually increasing

to diameter d2 at the other end over an axial length L as shown in the figure below.

| L |

Since the diameter of the bar is continuously changing, the elongation is first computed over

an elementary length and then integrated over the entire length. Consider an elementary strip

of diameter d and length dx at a distance of x from end A.

Using the principle of similar triangles the following equation for d can be obtained

d, —d d, —d
d=d; + 2 11’=d1+ kx ,where k = — :
L L
T (dy+kx)?
Cross—sectional area of the baratx : A, — %
, 2 Ap
Axialstress at x:0y — — = ——————
Ax m (dl -ch)
Change in length over dx :ddx = GxEdI = %P dx 3
wE (d,+kx)
d, k01
. L +HX
Total change in length: §L = fﬁ 4P dx 5 — ;‘; [( 1 —" ) ]
nE (d +kx) 0

After rearranging the terms: §L =

ﬂ:Eh [(i’f + fﬂ}]

1
Upon substituting the limits : 6L = — - —
P g Kk |(d, +kL} dl}

After rearranging the terms: 6L =

ITER [dl M]

: d, —d,

_ o 4P [dy —d,
With the above substitution: 8L = =

I‘-:’Ek[fh dz]_T[Ek dyd>

o dz—
Substituting for k = —

tapering bar of circular section can be obtained

Total change in length: 6L = F]_‘;%
12

dy . . : . .
i the above expression. following equation for elongation of

24



Problem:

A bar uniformly tapers from diameter 20 mm at one end to diameter 10 mm at the other end

over an axial length 300 mm. This is subjected to an axial compressive load of 7.5 kN. If E =

100 kN/mmz2, determine the maximum and minimum axial stresses in bar and the total change

in length of the bar.

P =7500 N, E = 100000 N/mm?*d; = 10mm, d» = 20mm.L = 300mm

Minimum compressive stress occurs at dy = 20mm as the sectional area is maximum.

2
Areaat =222 — 314 16mm?
7500
nin = o= = 23.87TMPa

Maximum compressive stress occurs at dy = 10mm as the sectional area 1s minimum.

m %102

Areaatd;=——= 78.54mm?
7500
Tmin = P = 95.5MPa
Total decrease in length: 6L = PL _ _2X75003EW  _ ) 143mm

nEdyd; 7w x 100000 %10 %20
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1.10 Elongation of tapering bars of rectangular cross section
Consider a bar of same thickness t throughout its length, tapering uniformly from a breadth B
at one end to a breadth b at the other end over an axial length L. The flat is subjected to an

axial force P as shown in the figure below.

Since the breadth of the bar is continuously changing, the elongation is first computed over an
elementary length and then integrated over the entire length. Consider an elementary strip of
breadth bx and length dx at a distance of x from left end.

Using the principle of similar triangles the following equation for bx can be obtained

B—b B—b
b,= b+ x=b+kx,wherek=T
Cross—sectional area of the baratx: 4, = b, t = (b + kx)t
| P P
Axial stress atx:0, = A_x = m
. o _ gxdx _  Pdx
Change 1n length over dx :ddx E Et(b+kn)
. _ [ _Pdx _ P )1
Total change in length: 6L = | Fto+kn  Eik [In(b + .Rx)]n
Upon substituting the limits : 6L =%[E?l(b + kL) — In(b)]
B—b
But(b+ij=b+TL=B
With the ab bstituti SL—P[I(B)I'b']—Ple
ith the above substitution: =Etk ni(b) — In(b) =Eik n(B/b)
B-b
Substituting for k = - in the above expression, following equation for elongation of tapering
bar of rectangular section can be obtained
PL :
6L = =——=———In(B/b

26



Problem

An aluminium flat of a thickness of 8 mm and an axial length of 500 mm has a width of 15 mm
tapering to 25 mm over the total length. It is subjected to an axial compressive force P, so that
the total change in the length of flat does not exceed 0.25 mm. What is the magnitude of P, if

E = 67,000 N/mm2 for aluminium?

t=8mm. B =2%5mm.b=15mm. L =500 mm. 6L =0.25 mm. E =67000MPa. P ="

_ Et(B—b)SL _ 67000 x 8 x (25— 15) x 0.25

In(B/D)L In(25/15) x 500 = 5.246kN

1.11 Elongation in Bar Due to Self-Weight

o P STy
F Y
@ A
L Ty
v ‘ yT
¥
¥ L | L

Consider a bar of a cross-sectional area of A and a length L is suspended vertically with its
upper end rigidly fixed as shown in the adjoining figure. Let the weight density of the bar is p.
Consider a section y- y at a distance y from the lower end.

Weight of the portion of the bar below y-y =p Ay

Stressaty-y:ocy=pAy/A=py

Strainaty-y:ey=py/E

Change in length over dy: ddy = pydy/E

L d 2 LZ
Total change in length : 0L = f PYSY _ PY L _ P°

0 E 2F 2F
AL)L WL
This can also be written as : 0L = (pAL —
2AE 2AE

W = p A L represents the total weight of the bar
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Problem:

A stepped steel bar is suspended vertically. The diameter in the upper half portion is 10 mm,
while the diameter in the lower half portion is 6 mm. What are the stresses due to self-weight
in sections B and A as shown in the figure. E = 200 KN/mmz. Weight density, p = 0.7644x10-
3N/mma. What is the change in its length if E = 200000 MPa?

///X/f’/lf./ £
A ]

10 mmg ——

|
e 1m
(Aq) dl
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|
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B mmg — | fe—
|
|

(A

..
|

c Y
Stress at B will be due to weight of portion of the bar BC

Sectional area of BC: A2= 1t X 62/4 = 28.27 mm2

Weight of portion BC: W2=p A2L2=0.7644x 10-3x 28.27 x 1000 = 21.61N
Stress at B: oB = W2/A2=21.61/28.27 = 0.764 MPa

Stress at A will be due to weight of portion of the bar BC + AB

Sectional area of AB: A1= &t X 102/4 = 78.54 mm:2

Weight of portion AB: W1=p A1L1=0.7644x 10-3x 78.54 x 1000 = 60.04N
Stress at A: oc = (W1+W2)/A1= (60.04+ 21.61) / 78.54 = 1.04 MPa

Change in Length in portion BC

This is caused due to weight of BC and is computed as:

W,L,  21.61X1000

2A:E 2x28.27x200000

=0.00191mm

Change in Length m portion AB
This 1s caused due to weight of AB and due to weight of BC acting as a concentrated load at B

and is computed as:

WL, WL, 60.04%1000 21.61%1000
OLap = + = + = 0.0033mm
2A4E E A, 2x%78.54%200000 200000 x 78.54

Total change 1n length = 0.00191+ 0.0033 = 0.00521mm
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1.12 Compound or composite bars

A composite bar can be made of two bars of different materials rigidly fixed together so that
both bars strain together under external load. As the strains in the two bars are same, the stresses
in the two bars will be different and depend on their respective modulus of elasticity. A stiffer
bar will share major part of external load.

In a composite system the two bars of different materials may act as suspenders to a third rigid
bar subjected to loading. As the change in length of both bars is the same, different stresses are

produced in two bars.

1.10.1 Stresses in a Composite Bar
Let us consider a composite bar consisting of a solid bar, of diameter d completely encased in
a hollow tube of outer diameter D and inner diameter d, subjected to a tensile force P as shown

in the following figure.

{ ]
(il

oL
Let the extension of composite bar of length L be L. Let Esand EH be the modulus of elasticity
of solid bar and hollow tube respectively. Let osand o+ be the stresses developed in the solid
bar and hollow tube respectively.
Since change in length of solid bar is equal to the change in length of hollow tube, we can

establish the relation between the stresses in solid bar and hollow tube as shown below :

EsL G'HL E
— or G_g — UH =5
Eg Ey : Ey
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UsL_UHL ES

= orJe = Oy —
ES EH S H Ey

m(D*—d?)

Area of cross section of the hollow tube : Ay = p

wd?

4

Area of cross section of the solid bar : A¢ =

Load carried by the hollow tube : Py = 0xzAy and Load carried by the solid bar : P = 045

ButP=Pg+ Py = o5 As+ og Ag

- E - . .
With g, = 0y E—S . the following equation can be written
H
_ Es _ Eg , -
P = Oy EAS-l_G-HAH_aH (AH +EASII

Es/En is called modular ratio. Using the above equation stress in the hollow tube can be
calculated. Next, the stress in the solid bar can be calculated using the equation

P =o0sAs+ oHAH
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Problems.

A flat bar of steel of 24 mm wide and 6 mm thick is placed between two aluminium alloy flats
24 mm x 9 mm each. The three flats are fastened together at their ends. An axial tensile load
of 20 kN is applied to the composite bar. What are the stresses developed in steel and
aluminium alloy? Assume Es = 210000 MPa and EA = 70000MPa.

—_— 9 mm Aluminium flat

A

S mm  Aluminium flat

2 v —

24 mm

Section AA

Area of Steel flat: Ag=24x6=144 mm’

~ - 2
Area of Aluminium alloy flats: Ay =2x24 x 9 =432 mm"”

d’sL . JAL

Since all the flats elongate by the same extent. we have the condition that T E
s A

The relationship between the stresses in steel and aluminum flats can be established as:
Since P=Pg+ P,y = ag Ag+ oy Ay This can be written as

P = 3CFA .;15 + 0y 'qA = 04 (3!45 + .qu
From which stress in aluminium alloy flat can be computed as:

p 20 x 1000 23 15 P
T e el e . u
47T (BA,+ 4, (3x144+432)

Stress 1n steel flat can be computed as:

gs = 3% 23.15=69.45MPa
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2. A short post is made by welding steel plates into a square section and then filling inside with
concrete. The side of square is 200 mm and the thickness t = 10 mm as shown in the figure.
The steel has an allowable stress of 140 N/mmz and the concrete has an allowable stress of 12
N/mmz2. Determine the allowable safe compressive load on the post. Ec = 20 GPa, Es = 200
GPa.

Since the composite post is subjected to compressive load, both concrete and steel tube will
shorten by the same extent. Using this condition following relation between stresses in concrete

and steel can be established.

GcL CFsL Esg
EC E_S' 5 C Ec C

. - 2 . . . .
Assume that load 1s such that o; = 140 N/mm". Using the above relationship. the stress in
concrete corresponding to this load can be calculated as follows:
140 = 10 0, or o, = 14 N/mm? > 12 N/mm’

Hence the assumed load is not a safe load.

. - 2 . . .
Instead assume that load 1s such that . = 12 N/mm". The stress in steel corresponding to this
load can be calculated as follows:

g, =12 x 10 or o, = 120 N/mm? < 140 N/'mm’
Hence the assumed load is a safe load which is calculated as shown below.
Area of concrete section Ac = 180 x180 = 32400mm’.

Area of steel tube As = 200 x 200 — 32400 = 7600 mm".
P= 0. Ac+ 0.A, = 12 x 32400 + 120 X 7600 = 1300.8kN
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3. A rigid bar is suspended from two wires, one of steel and other of copper, length of the wire
is 1.2 m and diameter of each is 2.5 mm. A load of 500 N is suspended on the rigid bar such
that the rigid bar remains horizontal. If the distance between the wires is 150 mm, determine
the location of line of application of load. What are the stresses in each wire and by how much

distance the rigid bar comes down? Given Es= 3Ecu= 201000 N/mmz.

o —Steel |— Copper 2.5mm dia
2.5mm dia
1.2m
150mm
.{_
S
Al 1 =
l 500N

I. Area of copper wire (Acu) = Area of steel wire(As) = ©t x 2.52/4 = 4.91 mm2
ii. For the rigid bar to be horizontal, elongation of both the wires must be same. This condition

leads to the following relationship between stresses in steel and copper wires as:

cu
iii. Using force equilibrium, the stress in copper and steel wire can be calculated as:
P =Ps+ Pcu= 05 As+ ocu Acu = 3 ocu As + ocu Acu = ocu (3As + Acu)

P 500
G—f‘u a (Acu + 3-115') B (‘:1‘91 + 3 X 491)
g, =3 x 25.46 = 76.37 MPa

= 25.46 MPa

iv. Downward movement of rigid bar = elongation of wires

76.37

L= 501000 ®x 1200 = 0.456 mm

v. Position of load on the rigid bar is computed by equating moments of forces carried by

steel and copper wires about the point of application of load on the rigid bar.
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P.x= P. (150 — x)
(76.37 x 4.91)x = (25.46 x 4.91) (150 — x)

- = (0.333
150 — x

x = 37.47mm from steel wire

Note:

If the load is suspended at the centre of rigid bar, then both steel and copper wire carry the
same load. Hence the stress in the wires is also same. As the moduli of elasticity of wires are
different, strains in the wires will be different. This results in unequal elongation of wires
causing the rigid bar to rotate by some magnitude. This can be prevented by offsetting the load
or with wires having different length or with different diameter such that elongation of wires

will be same.
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1.13 Temperature stresses in a single bar

If a bar is held between two unyielding (rigid) supports and its temperature is raised, then a
compressive stress is developed in the bar as its free thermal expansion is prevented by the
rigid supports. Similarly, if its temperature is reduced, then a tensile stress is developed in the
bar as its free thermal contraction is prevented by the rigid supports. Let us consider a bar of
diameter d and length L rigidly held between two supports as shown in the following figure.

Let a be the coefficient of linear expansion of the bar and its temperature is raised by AT (°C)

Fixed end Fixed end
o L o
— —_ — - — - _+ _ —
E )
- — 0
r i
aATL

e Free thermal expansion in the bar = o AT L.

e Since the supports are rigid, the final length of the bar does not change. The fixed ends
exert compressive force on the bar so as to cause shortening of the bar by o AT L.

e Hence the compressive straininthe bar =a ATL/L = a AT

e Compressive stress = a AT E

e Hence the thermal stresses introduced in the bar = a AT E

Note:

The bar can buckle due to large compressive forces generated in the bar due to temperature
increase or may fracture due to large tensile forces generated due to temperature decrease.

Problem

A rail line is laid at an ambient temperature of 30°C. The rails are 30 m long and there is a
clearance of 5 mm between the rails. If the temperature of the rail rises to 60°C, what is the
stress developed in the rails?. Assume a = 11.5 x 10-6/°C, E = 2,10,000 N/mm2

e L =30,000 mm, o.= 11.5 x 10-6/°C, Temperature rise AT = 60-30 = 30,C

o Free expansion of rails = a AT L =11.5 x 10-6 X 30 x 30000 = 10.35mm

e Thermal expansion prevented by rails = Free expansion — clearance = 10.35 — 5 = 5.35mm

o Strain in the rails £ = 5.35/30000 = 0.000178

o Compressive stress in the rails = ¢ X E = 0.000178 x 210000 =37.45N/mma.
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1.14 Temperature Stresses in a Composite Bar

A composite bar is made up of two bars of different materials perfectly joined together so that
during temperature change both the bars expand or contract by the same amount. Since the
coefficient of expansion of the two bars is different thermal stresses are developed in both the

bars. Consider a composite bar of different materials with coefficients of expansion and

modulus of elasticity, as a1, E1and a2, E2, respectively, as shown in the following figure. Let

the temperature of the bar is raised by AT and a1> a2

o ATL
[« |

,__.'I:E'I'E'I J/""'_A-I

F = W
, |1 NN

Free expansion in bar 1 = a1 AT L and Free expansion in bar 2 = a2 AT L. Since both the bars
expand by AL together we have the following conditions:
e Bar 1: AL < a1 AT L. The bar gets compressed resulting in compressive stress

e Bar 2: AL > 02AT L. The bar gets stretched resulting in tensile stress.

. . ay ATL— AL
Compressive stramm Bar 1 : €, = %
. .. AL— a; ATL
Tensile stram in Bar 2 : &, = +
ayATL — AL AL — a,ATL
E1+ E2 = 2 + I = {_ﬂ’l — ﬂ'z)ﬂ.T

Let o1and o2 be the temperature stresses in bars. The above equation can be written as:

g, Oy
242 = (a; — a)AT
E, + E, (g — az)

In the absence of external forces, for equilibrium, compressive force in Bar 1 = Tensile force

in Bar 2. This condition leads to the following relation

o141 = 02 4
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Using the above two equations, temperature stresses in both the bars can be computed. This is
illustrated in the following example.
Note:

If the temperature of the composite bar is reduced, then a tensile stress will be developed in

bar 1 and a compressive stress will be developed in bar 2, since a1 > a2.

Problems

1 A steel flat of 20 mm x 10 mm is fixed with aluminium flat of 20 mm x 10 mm so as to make
a square section of 20 mm x 20 mm. The two bars are fastened together at their ends at a

temperature of 26°C. Now the temperature of whole assembly is raised to 55°C. Find the stress

in each bar. Es= 200 GPa, Ea=70 GPa, as=11.6 x 10-6/°C, ata= 23.2 x 10-6/°C.

e Net temperature rise. AT =55 — 26 =29°C.

e Area of Steel flat (As) = Area of Aluminium flat (Aa) =20 x10 =200 mm?2

e Forequilibrium, o, A, = 0, A,; 0, = 0, willbe one of the conditions to be
satisfied by the composite assembly.

e But ;—Z+;—j= (@, — @ )AT = (23.2 — 11.6) X 29 x 10~® = 0.000336

Oz !
200000 70000

e 270000a, = 4709600 ;

= 0.000336

o o_(tensile) = o, (compressive) = 17.44MPa as 0, = 05

2. A flat steel bar of 20 mm x 8 mm is placed between two copper bars of 20 mm x 6 mm
each so as to form a composite bar of section of 20 mm x 20 mm. The three bars are fastened
together at their ends when the temperature of each is 30°C. Now the temperature of the
whole assembly is raised by 30°C. Determine the temperature stress in the steel and copper

bars. Es = 2Ecu= 210 kN/mmz2, as = 11 x 10-6/°C, aicu = 18 x 10-6/°C.
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e Net temperature rise, AT = 30°C.
e Area of Steel flat (A;)= 20x 8=160 mm’
e Area of Copper flats (Ay) =2 x 20 x 6 =240 mm®
e Forequilibrium, 6; A; = Gey Acu; 0z = 1.5 0.y will be one of the conditions to be
satisfied by the composite assembly.
cu

e But 1% _ (g —a)AT =(18 —11)x 30 x 107° = 0.00021
E Cu 5
5

o Ju 1S9 _ 400021
105000 210000

* Oy = 12.6MPa (compressive) and o, = 18.9MPa (tensile) as o, > A,

1.15 Simple Shear stress and Shear Strain
Consider a rectangular block which is fixed at the bottom and a force F is applied on the top
surface as shown in the figure (a) below.
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Equal and opposite reaction F develops on the bottom plane and constitutes a couple, tending

to rotate the body in a clockwise direction. This type of shear force is a positive shear force
and the shear force per unit surface area on which it acts is called positive shear stress (1). If
force is applied in the opposite direction as shown in Figure (b), then they are termed as
negative shear force and shear stress.

The Shear Strain (¢p) = AA*/AD = tan¢. Since ¢ is a very small quantity, tand = ¢. Within the
elastic limit, toc port =G ¢

The constant of proportionality G is called rigidity modulus or shear modulus.

Note:

Normal stress is computed based on area perpendicular to the surface on which the force is
acting, while, the shear stress is computed based on the surface area on which the force is

acting. Hence shear stress is also called tangential stress.
I ——

38



1.16 Complementary Shear Stresses

Consider an element ABCD subjected to shear stress (T) as shown in figure (a). We cannot

have equilibrium with merely equal and opposite tangential forces on the faces AB and CD as

these forces constitute a couple and induce a turning moment. The statical equilibrium demands

that there must be tangential components (t*) along AD and CB such that that can balance the

turning moment. These tangential stresses (t°°) is termed as complimentary shear stress.

T
— e e T
A B T e e e e
A
¥ |
A
T v |
A
¥ |
A
¥ |1
D C- -1 - - -, - €
"_"_“? - T
simple shear Complimentary
siress shear stress
(a) (B)

Let t be the thickness of the block. Turning moment due to t will be (T x t x Las ) Lsc and

Turning moment due to t* will be (t° x t x Lec ) LAg. Since these moments have to be equal

for equilibrium we have:
(txtxLas) Lec=(t" xtx Lsc) Las.

From which it follows that T = t*°, that is, intensities of shearing stresses across two mutually

perpendicular planes are equal.
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1.17 Volumetric strain

This refers to the slight change in the volume of the body resulting from three mutually
perpendicular and equal direct stresses as in the case of a body immersed in a liquid under
pressure. This is defined as the ratio of change in volume to the original volume of the body.
Consider a cube of side ,,a* strained so that each side becomes ,,a + da’.

e Hence the linear strain = da/a.

e Change in volume = (a + da)s —a3 = + 3a2da. (ignoring small higher order terms)

e \Volumetric strain ev =+ 3a2 6a/as = + 3 da/a

o The volumetric strain is three times the linear strain

1.18 Bulk Modulus
This is defined as the ratio of the normal stresses (p) to the volumetric strain (ev) and denoted
by ‘K’. Hence K = p/ev. This is also an elastic constant of the material in addition to E, G and

V.

1.19 Relation between elastic constants

1.19.1 Relation between E,G and v
Consider a cube of material of side ,,a' subjected to the action of the shear and complementary

shear stresses and producing the deformed shape as shown in the figure below.

e Since, within elastic limits, the strains are small and the angle ACB may be taken as 45o.
e Since angle between OA and OB is very small hence OA =~ OB. BC, is the change in the
length of the diagonal OA

e Strain on the diagonal OA = Change in length / original length = BC/OA

= AC cos45/ (a/sin45) = AC/2a=adp/2a=¢ /2

e It is found that strain along the diagonal is numerically half the amount of shear stain.

______________________________________________________________________________________________|
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e But from definition of rigidity modulus we have, G =t /¢

e Hence, Strain on the diagonal OA =1/ 2G
The shear stress system is equivalent or can be replaced by a system of direct stresses at 450 as
shown below. One set will be compressive, the other tensile, and both will be equal in value to

the applied shear stress.

—_— = 02 = —T
o=+
0z=—T
- T1=+1
Lo i . 0y 02 T T T
Strain in diagonal QA due to direct stresses =— — V— = — 4+ V— = — (1 + V)
= E E E E E
. . . . T T
Equating the strain in diagonal OA we have " F (1+ v)

Relation between E,G and v can be expressedas : E = 2G(1 + v)
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1.19.2 Relation between E,K and v

Consider a cube subjected to three equal stresses a shown in the figure below.

- A
-
A
/ ;
S
/
Fy
" [
a ] a a
Strain in any one direction=—— V—— v—=— (1 — 2v)
E E E E
Since the volumetric strain is three times the linear strain: &, = 3% (1-2v)
" a
From definition of bulk modulus : £, = %
a a
3= (1-2n=—=

Relation between E.K and v can be expressed as : E = 3K(1 — 2v)

Note: Theoretically v < 0.5 as E cannot be zero

1.19.3 Relation between E, G and K

We have E = 2G(1+v) from which v=(E - 2G) / 2G
We have E = 3K(1-2v) from which v = (3K -E) / 6K

(E-2G)/2G=(3K -E) /6K or (6EK - 12GK) = (6GK - 2EG) or 6EK+2EG = (6GK +12GK)

9GK
(3K+G)

Relation between E,G and K can be expressed as: E =
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1.20 Exercise problems

1. A steel bar of a diameter of 20 mm and a length of 400 mm is subjected to a tensile force of
40 kN. Determine (a) the tensile stress and (b) the axial strain developed in the bar if the
Young"s modulus of steel E = 200 kN/mm2

Answer: (a) Tensile stress = 127.23MPa, (b) Axial strain = 0.00064

2. A 100 mm long bar is subjected to a compressive force such that the stress developed in the
bar is 50 MPa. (a) If the diameter of the bar is 15 mm, what is the axial compressive force?
(b) If E for bar is 105 KN/mmz, what is the axial strain in the bar?

Answer: (a) Compressive force = 8.835 kN, (b) Axial strain = 0.00048

3. A steel bar of square section 30 x 30 mm and a length of 600 mm is subjected to an axial
tensile force of 135 kN. Determine the changes in dimensions of the bar. E = 200
kN/mmz, v =0.3.

Answer: Increase in length 6/ = 0.45 mm, Decrease in breadth b = 6.75 x 10-amm

4. A stepped circular steel bar of a length of 150 mm with diameters 20, 15 and 10 mm along
lengths 40, 50 and 65 mm, respectively, subjected to various forces is shown in figure below.

If E = 200 kN/mmz2, determine the total change in its length.

20 kN 20 mm dia
- . __1§_H_ B __,._____U_ngl_éli_a_‘ﬂm
15 mm dia 1ISkN C
A
Dmm | 45mm | 65 mm |

Answer : Total decrease in length = 0.022mm

43



5. A stepped bar is subjected to axial loads as shown in the figure below. If E = 200 GPa,
calculate the stresses in each portion AB, BC and CD. What is the total change in length of
the bar?

20 mm dia
10 mm dia
20 kM 30 kN
— — 1 — 1 > {0kN
A B C D
|02
- 0 dm—=lte—— 06m —=

Answer: Total increase in length = 0.35mm

6. A 400-mm-long aluminium bar uniformly tapers from a diameter of 25 mm to a diameter of
15 mm. It is subjected to an axial tensile load such that stress at middle section is 60 MPa.
What is the load applied and what is the total change in the length of the bar if E = 67,000
MPa? (Hint: At the middle diameter = (25+15)/2 = 20 mm).

Answer: Load = 18.85kN, Increase in length = 0.382 mm

7. A short concrete column of 250 mm x 250 mm in section strengthened by four steel bars
near the corners of the cross-section. The diameter of each steel bar is 30 mm. The column is
subjected to an axial compressive load of 250 kN. Find the stresses in the steel and the concrete.
Es = 15 Ec = 210 GPa. If the stress in the concrete is not to exceed 2.1 N/mmz2, what area of
the steel bar is required in order that the column may support a load of 350 kN?

Answer: Stress in concrete = 2.45N/mma2, Stress in steel = 36.75N/mm:, Area of steel = 7440 mm2
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8. Two aluminium strips are rigidly fixed to a steel strip of section 25 mm x 8 mm and 1 m

long. The aluminium strips are 0.5 m long each with section 25 mm x 5 mm. The composite

bar is subjected to a tensile force of 10 kN as shown in the figure below. Determine the

deformation of point B. Es = 3EA = 210 kN/mmz2. Answer: 0.203mm
(Hint: Portion CB is a single bar, Portion AC is a composite bar. Compute elongation

separately for both the portions and add)

:Alummmm strip / Steel strip
1 %
o o 25mm P
[

0g 10 kN

05 T; B

- 500 mm

—Y

500 —1-‘
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