Discrete Fourier Transform (DFT)

DFT transforms the time domain signal samples to the
frequency domain components.
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DFT is often used to do frequency analysis of a time domain signal.



Four Types of Fourier Transform

Tvpe of Transform

Example S1gnal

Fourier Transform
signals that ave contiriows and qperiodic

Fowrier Series
signals that ave eomhiriows and peviadic

Discrete Time Foutier Transform
signals that ave diserete and aperiodic

Diszctete F ourier T ratisform
signals that ave diserete and periode




DFT

DFT: Graphical Example
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DFT Coefficients of Periodic Signals

x(n) x(N+1)=x(1)
A :
x(1) -I- . \ - .
Periodic by et e | el
Digital S
Signal : { W
. 4 1 S
0 < N
T,=NT x(N)=x(0)

N-1

l Frkon
Equation of DFT coefficients: ¢ =+ ”Z_ﬂ:l(ﬂ)e"fT, — 00 < k < o0



DFT Coefficients of Periodic Signals

Fourier series coefficient c, is periodic of N

N-1
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x(n)e /N g

:M_

Since e /*™ = cos (2mn) — jsin (2mn) = 1, |f‘> ChrN = Ck-

DC component kfy=0xf;=0 Hz

, | 1st harmonic kig= 1Krf.|]=f|:| Hz 50 Py
Dther. harmonics ... | / P Other harmonics ...
Amplitude
spectrum of the
periodic digital
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2nd harmonic kfy=2xf;=2f; Hz



Example 1

The periodic signal:| x(7) = sin (27¢)| issampled at f, =4 Hz

a. Compute the spectrum ¢; using the samples in one period.

b. Plot the two-sided amplitude spectrum |¢;| over the range from —2 to 2 Hz.

Solution: / Fundamental frequency

a. We match X(t)=sin(2at) with x(t) =sin(24ft) and get f=1 Hz.

>

Therefore the signal has 1 cycle or 1 period in 1 second.

Sampling rate f, = 4 Hz |:> 1 second has 4 samples.

Hence, there are 4 samples in 1 period for this particular signal.
T =1/f, =025 p2meledsignal x(n) = x(nT) = sin 2mnT) = sin (0.57n)
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Example 1 - contd. (1)

x(0) = 0; x(1) = 1; x(2) = 0; and x(3) = —1

b.

l N-1 2k
Ck =57 Zx(n)e‘f%, —oo < k<0
n=0

x(n)

1

x(0) |

x(1)

0

4

x(3) J {

3
o = % Zx(n) = j_l(x(n) +x(1) + x(2) + x(3))

n=0)

= g | - . -
(=7 > x(mye Pt — (x(a) + x(D)e ™2 + x(2)e 7™ + x(3)€—ﬁfﬁ3)

n=0 4

1

>
N=4

1
=70+140-1)=0

= —(2(0) = jx(1) = x(2) +jx(3) = 0 — j(1) = 0 +j(— 1)) = —j0.5.
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Example 1 - contd. (2)
1 ] e T, .y 1 : 2 /
=7 ZI(H)E’_‘LFK‘”H =0, and ¢; = 1 Zx(k)e_f”ﬂ”f‘* — j0.5.
k=0 n=0

Using periodicity, 1t follows that

C_1 = (C3 :_fﬂ.ﬁ, and C_2 Cr = 0.
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On the Way to DFT Formulas

x(t) This portion of the signal is used for
Ao DFT and spectrum calculation

Imagine periodicity of

Tl = ==

x(n) X(k)=Ne Take first N samples
n=0,1,-,N-1 k=0,1,-,N~1 (index 0 to N -1) as
— * OFT —— the input to DFT.
x(N-1)  t=nT f=KAF
>N Af=f./ N




DFT Formulas

N-I
X(k) =) x(n)e /2N
n={

N-1
= x(mWwy, fork=0,1,..., N~ L
n=0

X(k) = x(0) Wfﬂ + x(1) Wi}' + x(2) Wi} 4+ x(N - I)Wﬂﬁ_”

f AT 2 N 2
Where, Wy = ¢ 7/N = cos (Fﬂ) —j s1n(£>.

Inverse DFT:

1 = SR B
) =— S X(kel2™Ne= _N"X(lw* forn=01,..., N —1
x(n) Nkz_;()e- N;()h n




MATLAB Functions

FFT: Fast Fourier Transform

MATLAB FFT functions.

X = fit(x) % Calculate DFT coefficients
x = ifft(X) % Inverse DFT

X = Input vector

X = DFT coefficient vector
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Example 2

Given a sequence x(n) for 0 =n =3, where x(0) = 1, x(1) = 2, x(2) = 3, and x(3) = 4,

a. Evaluate its DFT X(k).

Solution:

_j= 3 3
N=4and Wy =e" $ X(k) = Zx(n) Wy = ZI(H)E_Jf%
n=0

=0

Thus, for k =0
3

X(0) =Y x(me”” = x(0)e 7 + x(1)e” + x(2)e 7 + x(3)e
n=0
= x(0) + x(1) + x(2) + x(3)
=1+2+3+4=10
3
X(1) = 3" x(me#F = x(0)e 7 + x(1)e 7 + x(2)e 7 + x(3)e %
n=0
= x(0) —jx(1) = x(2) +jx(3)
=1-2-3+j4=-2+2
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Example 2 - contd.

3
X(2) =) xme?™ =x0)” + x(1)e7 + x(2)e 7 + x(3)e 7
n=0
= x(0) — x(1) + x(2) — x(3)
=1-2+3-4=-2

1w

3
X(E') = ZI(H]E_J';}% — X([}]E'_ﬁ + _I(l:ll’::'_jT +I(2)€—f37r +.I(3:I€_"rj_'—r
n=0
= x(0) + jx(1) — x(2) — jx(3)

Using MATLAB,

> X =1{1t([1 2 3 4])
X =10.0000 —2.0000+ 2.00000 —2.0000 —2.0000 — 2.00001
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Example 3

Inverse DFT of the previous example.

= l > r l ] -rkn
N=dand Wil =t ——— x(m=7> XOW; =23 X(ke'*,
k=0 .

x(0) = Z X(k)e”" = X(n)ef“ + X(De® 4+ X(2)e! + X(3)e!?)

:E(IU+(—2+}‘2)—2+(—2—.f2))=1

3
x(1) = ZX(L)EJ— (X([})E"rﬂ + X(ef + X(2)e/™ + X(3e ,.r—)
=()
(X(0) +jX(1) — X(2) - jX(3))

(10+j(=2+j2) —(-2) —j(-2-,2) =2

-P-I—-h-|-— .r:.|
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Example 3 - contd.

3
xX(2) = Z X(k)e!*™ = j—l(k’ (0)e” + X(1)e/™ + X(2)e ™ + X(3)e/*™)
=()

7 (X(0) = X(1) + X(2) - X(3))

(10 (242 4 (2 (—2-j2) =3

x(3) = Z X(k)e'E (X(o)e-’“ + X(DeF + X(2)e™ + X(3)e’* )

— E(X(O) —JX(1) — X(2) + jX(3))
1
:E{m — (=242 (=2 +j(-2—-j2) =4

Using MATLAB,
> x =1fft(10 —2+2j -2 —2-2j])
X =1 2 3 4.
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Relationship Between Frequency Bin &
and Its Associated Frequency in Hz

W,

J=N

(Hz)

Frequency step or frequency resolution: &f — ‘E (Hz)
N

Example 4

In the previous example, if the sampling rate is 10 Hz,

a. Determine the sampling period, time index, and sampling time instant for
a digital sample x(3) in time domain.

b. Determine the frequency resolution, frequency bin number, and mapped

frequency for each of the DFT coefficients X(1) and X(3) in frequency
domain.
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Example 4 - contd.

Sampling period: T =1/f; = 1/10 = 0.1 second

For x(3), time index is n = 3, and sampling time instantis = T = 3-0.1 = 0.3 second.

Af
|

fs 10

Frequency resolution: Af =25 = —25Hz
"N 4 k
Frequency bin number for X(1) is k =1, k. 1% 10
and its corresponding frequency is TN T T4 T 2o Hz.
Similarly, for X(3) is k = 3, and its P kfs 3x10 Sy

corresponding frequency is ' N 4
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Amplitude and Power Spectrum

Since each calculated DFT coefficient is a complex number, it is not convenient
to plot it versus its frequency index

Amplitude Spectrum:

1 1 5 E
Ay = 1 X (0] =3/ (Real X K)) -+ (1mag [ XK)
k=0,1,2,....,N—1.

To find one-sided amplitude spectrum, we double the amplitude.

k

- +1X(0), k=0
ZIX(k)|, k=1,...,N/2

18



Amplitude and Power Spectrum -contd.

Power Spectrum:

] 1 7 2
= = { (Real X ()] + (Imag [ X (k)" },

k=0,1,2,...,N—1.

P = — | X (k)=

For, one-sided power spectrum:

LIXO) k=0
ZIX(k)] k=0,1,..., N/2

Phase Spectrum:

.y (Imag[X(k)|
¢ =1an (Real[)((k)]

),k:U, 1,2,..., N—-1
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Example 5

Assuming that f; = 100 Hz,

a. Compute the amplitude spectrum, phase spectrum, and power spectrum.

x(n)
. 4 £
Solution: 3
ST 2
X(0) = 10 2T
X(1)= -2+ 2 1
XQ2)= -2 See Example 2. 0 1 o
X(3)=-2-j2.
To=NT

Fork=0,f=k-f/N=0x100/4 = 0Hz,

_l . - 1 {Imag|X(0)| Y
Ay —4|X(U')| = 2.5, ¢y = tan (Real([X(U)]) =0

3

1 )
Py = 5| X(0)'= 6.25.

= =
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Example 5 - contd. (1)

Fork=1,f=1x100/4 = 25Hz,

1 Imag| X (1
A1 = ZIX(D] = 0.7071, ¢; = tan™ ( mag| X( ”) — 135",

Real| X(1))

P, = 4ij|X(1)|3: 0.5000.

Fork =2, f =2 x 100/4 = 50Hz,

1 _ oy (ImaglX(D)]\ o
Ay = 7|X(2)| = 05, ¢, = tan (Real[X(Z)]) — 180°,

|
P =5 1X(2)]*= 0.2500.

Similarly, for k = 3, f =3 x 100/4 = 75 Hz,

Imag X (3)
Real X' (3)] )

1
Ay = 2|X(3)| = 0.7071, @5 = tan ! ( = —135°,

1
P = 4—2|X(3)|2= 0.5000.




Example 5 - contd. (2)

4 1
¢ 25
2T 0.7071
G???'I 0.8 T
- k
0 1 2 3
| | | I f(Hz)
0 25 50 75
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— T T l k
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Example 6

Consider a digital sequence sampled at the rate of 10 kHz. If we use a size of
1,024 data points and apply the 1,024-point DFT to compute the spectrum,

a. Determine the frequency resolution.

b. Determine the highest frequency in the spectrum.

Solution:

a. Af =& =100 _ 9 776 Hz.

b. The hlghES[ frequency is the folding frequency, given by

fma_!: - &f — E

= 512-9.776 = 5000 Hz
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Zero Padding for FFT

FFT: Fast Fourier Transform.
g A fast version of DFT; It requires signal length to be power of 2.

e[

S EAL

"TE T 1O

oy I
0.5 fog— P — g P

Therefore, we
need to pad zero

|
AN
A &l ReXoXoXoXe
0 50 100
Frequency (Hz)

Original data
L]

e

at the end of the 0 5 10
Number of samples

E
=
g
@
S
E
£
E
<T
signal. o 5
= =
= 2 S S —— T B 3] - |____________
@ | | | 0.5
™ o [ - [ 4 - i
- ol d‘f.mé? (Fécocc‘; @ | it
However, it does £ e 1" 6 =1 5 |?|_ | ~
dd 8 2p—-O-f---jzeopaddingy T ¢ ?00h0@@ | T
not add any new o g 5 10 15 E o 50 100
information. Number of samples = Frequency (Hz)
S S
S 2 “““f““‘_f“““‘f‘ g 0.5 ———————————-}————————————
ﬁ 0( ) l-I-} I I I g I
2 794D Ié:"':':EE-E_EEEEH.E 3 - !
B ofO—-—4_jzedpaddingl] = O %[ E I £|i@i ﬁ?i
m ] ] ﬂ\'
a0 10 20 30 E o 50 100

Number of samples Frequency (Hz)



Example 7

Consider a digital signal has sampling rate = 10 kHz. For amplitude spectrum we

need frequency resolution of less than 0.5 Hz. For FFT how many data points are
needed?

Solution:
Af =0.5Hz
N-/ s _ 10000 20000
Af 0.5

For FFT, we need N to be power of 2.

214 =16384 < 20000 And 215=32768 > 20000

Recalculated frequency resolution,

~ Js 10000
N 32768.

Af — 0.31 Hz.



MATLAB Example - 1
x(n) = 2. sin (2[}[][}7:- SGHDM ;

S

Use the MATLAB DFT to compute the signal spectrum with the
frequency resolution to be equal to or less than 8 Hz.

N = £ =220 — 1000
% Generate the sine wave sequence
fs = 8000; $Sampling rate
N=1000; % Number of data points
¥x=2%sin (2000* pi*[0: 1:N—1]/fs);

figure(l), plot(x):

xf = abs(fft(x))/N; %Compute the amplitude spectrum

P—=xf¥*xf; tCompute the power spectrum

f=[0:1:N—-1]*fs/N; tMap the frequency bin to the frequency (Hz)

26



MATLAB Example - contd. (1)

subplot(2,1,1); plot (f,xf) ;grid
xlabel ('Frequency (Hz)') ; ylabel (
subplot (2,1, 2) ;plot (£,P) ;grid

xlabel ('Frequency (Hz)') ; ylabel (

‘Amplitude spectrum (DFT)');

'Power spectrum (DFT)');

E | | | | |
S A
E | | | | |
2 | | | | |
Y S NN S A S S, S —
@ | I I I I
@ | | | | |
L= 1 | | | |
2 | | | | |
=S D WS N RN N N N |
] 1000 2000 3000 4000 2000 6000 7000 8000
Frequency (Hz) 1 | | | | |
[ | | | | |
o 08r——-—r-———+-——-—--——— e - — g
| | | | |
S 06f———f-——
B I I I I I
2 04f——fom
2 | | | | |
S o S
a | | | | |
ﬂ 1 1 1 1 1
0 1000 2000 3000 4000 2000 6000 7000
Frequency (Hz)

27
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MATLAB Example - contd. (2)

% Convert it to one-sided spectrum

xfF(2:N) = 2*xf (2:N) ; % Get the single-sided spectrum

P=xf*xf; % Calculate the power spectrum

f=[0:1:N/2]*fs/N % Frequencies up to the folding frequency

subplot (2,1,1); plot (f,=f (1:N/2+1));grid
xlabel ('Frequency (Hz)') ; yvlabel (‘Amplitude spectrum (DFT)');
subplot (2,1,2) ;plot (f,P(1:N/2 4+ 1))|;grid

xlabel ('Frequency (Hz)') ; vlabel ('Power spectrum (DFT)’);

L s e s Ee e M

Amplitude spectrum (DFT)

e e e e i el el St
| | | | | |
[ [ [ [ [ [
| | | | | |
] e I N
| | | | | |
. Y, G : : : :
0 500 1000 1500 2000 2500 3000 3500 4000

Frequency (Hz)
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MATLAB Example - contd. (3)

= | |
L | I N
S B
£ | | | | | I
S | | | | | i
E ol b
a2 I I I I I |
o | | | | | |
% T 1 ! T T 1
a | | | | | |
ﬂ 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000
Frequency (Hz)
(______________]
% Zero padding to the length of 1024 »
x =[x, zeros(1,24)];
N =length(x);
xf =abs (fft (%)) /N; $Compute the amplitude spectrumwith zero padding
P=xf.*xf; tCompute the power spectrum
f=[0:1:N—-1])*fs/N; $tMap frequency bin to frequency (Hz)

subplot(2,1,1); plot (f,xf);grid

xlabel ('Frequency (Hz)') ; yvlabel (‘Amplitude spectrum (FFT)");
subplot(2,1,2);plot(f,P) ;grid

xlabel (‘Frequency (Hz)') ; vlabel ('Power spectrum (FFT)');
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Effect of Window Size

When applying DFT, we assume the following:

1. Sampled data are periodic to themselves (repeat).

2. Sampled data are continuous to themselves and band limited to
the folding frequency.

1 Hz sinusoid,

with 32 = zal
samples o %J;‘uﬂ 1

—1 L = L
0 S 10
Window size: N =16 (multiple of waveform cycles)
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Effect of Window Size -contd. (1)

If the window size is not multiple of waveform cycles:

P

Discontinuous

A

'\.\_‘l 1
10 15 20 25 30 35
Window size: N =18 (not multiple of waveform cycles)

40
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Effect of Window Sizi -com‘ci . (2)

2- cycles Mirror Image
J o : o P.roduces
-pgp-Ld At IR e - single
[ | | frequency
) B [N — B}
’ et e L
10 5 10 15
Window size: N =16 Window size: N =16
l nB ke P ' I '
SIS SR S— - o | o Produces many
_ S T L A e e s 171 harmonics as well.
= I 1 _ _ _ _ | - | 1 |
= T < | L \
\ / ! \ / 0.2 ’4".;:_:."1' _______ _:_:i\_\
0.5 f----m-- g i o Lo < | | >¢Spectral
» ', | ! 0 2L | T P20009099 Leakage
A o
0 5 10 15 0 5 10 15
Window size: N =18 Window size: N =18

The bigger the
discontinuity, the more
the leakage 2



Reducing Leakage Using Window

To reduce the effect of spectral leakage, a window function can be used
whose amplitude tapers smoothly and graduallydoward zero at both ends>

-

iy
\

Window wi(n)

o

o
oA
o\

\

\l
L\

\

\
RN
ei:\
)

|

|

]

|

I

I

|

I

I

|
-/
—!_."'?_}_
Y

7o
=y W L -

i

V ~

Xu(n) = x(m)w(n), forn=0,1,..., N — 1.

Window function, w(n)
Data sequence, x(n)
Obtained windowed sequence, x,(n)
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Example 8

x(2) = 1 and w(2) = 0.2265:

Given,

N~ 7 i
...... N ﬁw,ﬂlli © ------.m----ﬁq. © I----A.vlll
1 1 W\ "___
....... D SO O VRN (PO PR AN
I I I
| ¥ |
I I

— A 7
...... e L e e e I L S
A /o -
@ 1 f ! - !
w\|mlll o ! o v\ ]
\ i ~ i T i
&— ——— &—
w1 ! s
IIIIII %IIIII.IB w.—... “ o IIIIII;@.IIIIII
R | B
—=| —s
1 % 3 1 1 i
....... o < © f----- =
-/ ] ./
“|\x@ B ﬂmﬁ_
| | |
...... RS I IS PN N S
o 3
| | |
£ & &
I I \ L
A A el e
e a— o &
e I I
%o S N 5
™ = ™ ™ Ty = ™ o ™
_ . _
(u)x (U)m mopUIAp (U)MX pamopuIp
H-J.
WO
= Y
= =
. v T
= s —
I N ___
— !
=
= —~ =
- S S
= = o =
= . a L | —_ =
i - x X
— — j— < = —
= = o X D=
m - e P
T s 8 N ) <
(T e —_ it
I S & =) |
— k .{I.-... ....I-r —
2 % 2| A 2
- O =
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Different Types of Windows

4 N
Rectangular Window (no window):  wg(n) =1 0=n=N — |
\_ J
Triangular Window: W) = 1 — |2”;r N1+ 1|j 0=n=N — 1
4 N
. . 29N
Hamming Window: Wim(n) = 0.54 — D.dﬁcas(N — 1), 0=n=N —1
2N
Hanning Window: Wip(n) = 0.5 — ﬂ.ﬁCDS(N — l), O=n=N -1
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Different Types of Windows -contd.

Window size of 20 samples

B e e T ol ¥ o e G T Y o ¥ ol N T Y T e . .
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Example 9

Problem:

Considering the sequence x(0) = 1, x(1) = 2, x(2) = 3, and x(3) = 4, and given
fi =100Hz, T = 0.01 seconds, compute the amplitude spectrum, phase spec-
trum, and power spectrum

Using the Hamming window function.

Solution:
Since N = 4, Hamming window function can be found as:

27 % 0
Win(0) = 0.54 — U.4ﬁcas( ;T x 1 ) —0.08

2 x 1
Wim(1) = 0.54 — U.46cns( I_}{ ; ) ~0.77.

Similarly, wiym(2) = 0.77, wpm(3) = 0.08.
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Example 9 - contd. (1)

Windowed sequence:

x,(0) = x(0) x wy,,(0) = 1 x 0.08 = 0.08
Xoo(1) = x(1) X wy(1) =2 x 0.77 = 1.54
(2) = x(2) X Wpm(2) = 3 x 0.77 = 2.31
(0) = x(3) X Wm(3) = 4 x 0.08 = 0.32.

DFT Sequence:
X(k) = x(0) W 4 x() WE + xQW2 + ...+ x(N — Hwi¥Y

> X(k) = x (O WE + x(DWE + xQWE? + xR,

—

X(0) = 4.25
! 1
X(1) = —223 —j1.22 LI ~
—p | ¥ / V=T “ao0 - P
X(2) =053
X(3) = —223+j1.22

—



Example 9 - contd. (2)

| u
Ao = 7|X(0)| = 1.0625, ¢, = tan~' ( )
|
Py = 4—2|X([})|2: 1.1289
| ~1.22
Ay = —|X(1) = 0.6355, ¢; = tan™' [ —== | = —151.32"
|
P = 4—2|X(1)|2: 0.4308

1 0
A = £—1|X(2)| — 0.1325, ¢, = tan™! (ﬁ) = 0",
1
P> = 4—2|X(2)|2: 0.0176.
1 B 122N o
A3 = 7|1X(3)| = 0.6355, ¢; = tan (ﬁ) — 151.32°,

1
P = E|J«’(3)|3: 0.4308.
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MATLAB Example - 2

1
=2.5 (2000 )
x(n) sin :rr8

Compute the spectrum of a Hamming window function with a window
size = 100.

% Generate the sine wave segquence
fs=8000; T=1/fs; % Sampling rate and sampling period

% Generate the sine wave seguence
x=2*%s5in (2000*pi*[0:1:100]*T);
% Apply the FFT algorithm
N=length (x) ;
index t = [0:1:N—1];

($Using the Hamming window

x_hm = x.*hamming (N)'; (Apply the Hamming window function
f=[0:1:N—-1] =l‘fE'-"IIN': ®f hm=abs (fft(x hm)) /N; tCalculate the amplitude spectrum
xf=abs (fft (x)) /N; - -
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MATLAB Example - 2 contd.

subplot (2,2,1) ;plot (index t,x);grid

xlabel ('Time index n'); ylabel ('x(n)’);

subplot (2,2,3) ; plot(index t,x hm);grid

xlabel ('Time index n'); ylabel ('Hamming windowed x (n)') ;
subplot (2,2,2) ;plot (f,xf) ;grid;axis ([0 £fs01]);
xlabel ('Frequency (Hz)'); ylabel ('Ak (no window)');
subplot (2,2,4) ; plot (f,xf hm);grid;axis([0£fs01]);
xlabel ('Frequency (Hz)'); ylabel ('Hamming windowed Rk') ;

2 IFI| | | | 1 | T £ Ty
‘Tfﬂ”nﬁ'H|'ﬁi“|ﬂ”|'|“|'JM" it
g0 '|LH|H4|T|L{|HTH*-H%}" £ o (\ﬂjﬂlw'-luﬁHﬂﬂwl-l|-|l+'¢.*"w
D a1 a1
_2 | U L %_2 ||I '|||EU |
’ Time mdex n 1Dﬂ ° Timeﬁir?dex n 100

Ak (no window)
=
o

—

o
oo

S O
=

Hamming windowed Ak
]
8

o

---l|---'r——————1'-————--+-- -

T
1 |
G DL

0 2000 4000 6000 8000

Frequency (Hz)

e
L N
J-l E : | Illn

0 2000 4000 6000 8000
Frequency (Hz)
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Frequency Spectrum

4L

1 1_I
X(0) . iy
X(1) i
¥y | 1 e'F
s  AN-Yx
- | Ty
| X(N-1) _2N-L=
e

DFT Matrix

Multiplication Matrix

Time-Domain samples

4L

1 1 1
i3 A2 _AH-D=

e N - & N e N
8= _ H{N-2)x _AN-1=

E W -:|"r o E W “; E = J-|II-
HN-D)=x _AN-)2 s _N-2N-Lj=

N & W s N )
AN-l)= _UN-IYN-2)= NI
" .I'ar E ;"r E. : J.III-

x(0)
x(1)
x(2)

.t[f'-.-'.— )

(V-1
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DFT Matrix

Let, wy =g_}.jf':"\"'

Then _ - _
X(0) 11 1 1 x(0)
X 1w we o - W
X2 |=[1 W’ e T )

X(N-1] |1 w1 5200 DT (v -1y
] N-1 )
DFT equatlon: _;f-[:;::}: ZI{”E}“J-;J}K = ﬂ’ - N—1
=0

DFT requires N? complex multiplications.
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FFT

FFT: Fast Fourier Transform

A very efficient algorithm to compute DFT; it requires less multiplication.

The length of input signal, x(n) must be 2™ samples, where m is an integer.

L

Samples N =2, 4, 8, 16 or so.

If the input length is not 2™, append (pad) zeros to make it 2™.

415|111 7]|1 > |4|5]11]1711]0]0]0

N=5 N = 8, power of 2
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DFT to FFT: Decimation in Frequency

N—1
DFT: X(k)=> x(mWy fork=0,1,.... N -1,

n=0

X (k) = x(0) + x(OW§ + ...+ x(N — hwy™ "

N [ N T T
X(k) ==x[[})+x[l)Wf;+...+x(E— 1) Y +x(5) W2 L (N - RN
(N/2)-1 N-1
Xy = > xm)Wy 4 > x(mWy
n=0 n=N/2
gH
(N/2)—1 i (N/2)—1 N
Xky= Y xmwg+wyP N x(n+—) W
n=0 | n=0 2 N
s W= e = eI = ]
(N/2)—1 N
X(k) = x(n)+(—1x(n+=]|we
(k) ;(()()"( 2));~.
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DFT to FFT: Decimation in Frequency

Now decompose into even (k = 2m) and odd (k = 2m+1) sequences.

(N/2)-1 N (N/2)-1 N j
X(2m) = Z (x[n) + x(n + E)) W X(2m+1) = Z (x(n) — X (n + 5)) wLWwy™
n=0

n=0

(N/2)—1
X(2m) = Z a(n) Wy}, = DFT {a(n) with (N /2) points} \/
n=I0

(N/2)—1

X2m+1) = Z b(n) Wy Wy}, = DFT{b(n) Wy with (N /2) points}
n=0
N
an) = x[n)—i—x(n—{—%), for n = 0,1 sy T 1
N
b(n):x(n)—x(n-i—g),forn:[l',l ..... 3—1.
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DFT to FFT: Decimation in Frequency

_ p : B DFT{a(n) with (N /2) points}
DFT{x(n) with N points} = {DFT{b(n)Wg, with (N/2) points}

a(0)
x(0) \ 7 » > ——— X(0)
(1) N .
X(1 ) > ? —pOInt I X(2)
x(2) \\/7 3(2) > DFT [—>—=X(4)
x(3) Z( 0) g7 ——>—X(6)
1 p(1) Wyl N
x(5) / /\E b2) tW’\é ?—pomt ———— X(3)
x(6) / E 5 »W"; DFT —>—X(5)
x(7) N ———o X(7)

I
—

Copyright © 2007 by Academic Press. All rights reserved.



DFT to FFT: Decimation in Frequency

X X X X X X X X

S22 828828

N

Copyright © 2007 by Academic Press. All rights reserved.

12 complex
multiplication
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DFT to FFT: Decimation in Frequency

000
001
010
011
100
101
110
111

Binary index 1st split 2nd split 3rd split
0 0 0
2 4 4
4 2 2
6 6 6
1 1 1
3 5} 5
5 3 3
4 7 4

Complex multiplications of DFT = N?, and

Complex multiplications of FFT = > log, (N)

0

N O OB~ 0N =

Copyright © 2007 by Academic Press. All rights reserved.

hi"

)

Bit reversal
000
100
010
011
001
101
011
111

For 1024 samples data sequence,
DFT requires 1024x1024 =
1048576 complex multiplications.
FFT requires (1024/2)log(1024) =
5120 complex multiplications.
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IFFT: Inverse FFT

L, N—1

> X(Wy, for k=0, 1,..

'N k=0

—kn
N

Z X(ow

k=0

N-1

1
N

x(n)

— e — — — — p—

SN0 0 9O
X X X X X X X X
|00 | v |0] v 0] v~ |0Q]| 0] v~ 0| v |CO| + |0
] 1T ST TS

~— - 4_| -

_ )

'
K 2
gy > > W
NIz S
-1 “

SN

XX
XX X2
7
L

N/

P e T e T e Y e T s T e T e T e

S

Copyright © 2007 by Academic Press. All rights reserved.

50



FFT and IFFT Examples

Bit index Bit reversal
00 x(0)=1 5 X(0) 00
\/ 6 Wy =1 -2
01 x(1)=2 - - - X(2) 10
FFT 10 “2)_3>Q§—2 Ws = <212 X(1) o1
a —1 — | = —f =12~
11 x(3)=4/\1~ 2 W“H»—-:’ :@”“ 'l x@3) 11

Copyright @ 2007 by Academic Press. Al rights reserved.

N 4
Number of complex multiplication = 5 log, (N) = 3 log, (4) =

Bit index 8 1 Bit reversal
00 X(0)=10 S — T 7+ x(0)=1 00
IFET 01 X(1)= —2+12 ;2 o 3 Lo ;2 1' x(2)=3 10
10 X(2)=- e . > T x(1)=2 01
11 X(3)=—2 jo L W4=2><:.VV4§‘16 4, x(4)=4 11

= -

Copyright © 2007 by Academic Press. All rights reserved.
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DFT to FFT: Decimation in Time

Split the input sequence x(n) into the even indexed x(2m) and x(2m + 1),
each with N/2 data points.

(N/2)—1 (N/2)—1
X(ky= > xQ@myWy™ + Y xQm+ )Wy W™,

=0 pr=()

fork=0,1,.... N —1.

Using
- T wT 2 S Py
Wit :1..2 j2a /N )_:E jAx (N /2) S

M2

(N/2)—1 (N/2)—1
X(k)= > xQm)Wyh+ Wy Y xQm+ HW,.

=0} m=0)

for k=0,1,.... N — 1.
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DFT to FFT: Decimation in Time

Define new functions as

(N/2)—1
G(k) = x(2m)W}, = DFT{x(2m) with (N /2) points}
mi=()
(N/2)—1
H(k) = Z x(2m -+ )W}, = DFT{x(2m + 1) with (N /2) points}.
=l
As,

G(k) :G(k +£), fork=0,1,....%

2 2

N—
.15

H(k):H(k-i—;),fork:D,l,.. L.

4 N )
X(k) = G(k) + Wiy H(k), fork =0, 1,..., 5L

X(£+k) — G(k)— WEH(K), for k=0, 1,.... % — 1.of— WP = _wk.
- ),
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DFT to FFT: Decimation in Time

First iteration:

Second iteration:

N

. X(0)
.« X(1)

X(2)
X(3)
X(4)
X(5)

. X(6)
.« X(7)

54



DFT to FFT: Decimation in Time

x(0) X(0)
x(2) X(1)

x(4) X(2)

Third iteration: x(6) X(3)
x(1) = X(4)

x(3) X(5)

x(5) X(8)

x(7) X(7)

-2 2r\ . . (2« 227
Wy =e " =COS(WJ—JS'H Wj W =e 8 =e 2=cos(z/2)—jsin(z/2)=—]j

X(0) — T~ N Y — x(0)

X S S NS
ARGl S A O B

X(6) =3 Wi > v‘v‘v‘f 1 x(3)

IFFT X(1) - m¢‘¢ i x(4)
== VAN B

X(3) - ww o ] i x(6)

X(7) ——— e X(7)

0 - 3
Wa ~1 W2 -1 W -1
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FFT

IFFT

FFT and IFFT Examples

x(0)=1o— v _42 » - - _12':1;2 X{(0)
x(2)=3 Wﬂzj S = ~ X(1)
x(1)=2 -—-—: :—2 5 X@)
X(3)=4 = X(3)

T AR

S
=
e

1
X(0)=10  +—+— . ; R -
o) e 2 % CEEIRR
B Wy=1 -1 - o 1 -
X(1)=—2+j2 otre et __, 2 3y o

i x(3)=4

-
Ma
o

X(3)=-2-j2 o>+

Y
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Fourier Transform Properties (1)

Time Domain

= 132 153
Sample munter

155

|-:. .fr:{[]|

= 138 153
Sample munber

155

Frequency Domain

|‘:.. I-I[]|

0.1 0.1 0.1 0.4
Fraquency

L]

0.4 0.3 0.x o8
Frequency

0.3

FT is linear:

» Homogeneity

e Additivity

Homogeneity:
X[ —X[]
kx[] ————kX[]

Frequency is not
changed.
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Fourier Transform Properties (2)

Time Domain

Frequency Domain

200

éf UﬁUﬂUﬂb Uﬁ\ N = gm %m Additivity
RS T e T

+ + + If =
] NN ===a] sl i The: [ rl;]e+xxlz[[:}+;ia[r)](]2[f]=Re X.[]
L 1. and ImX,[f]+ImX [f]=ImX [f]
;n ?mmleji:mi:-;z 55 Jmn a4 F;zqmnlgy as  as e 01 Fﬁqmou;r as 05

b AN & B, 2,
W WY ?, :
W R I S A O]
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Fourier Transform Pairs

Delta Function Pairs
in Polar Form

Delta Function —>

Shifted Delta Function
—>

Same Magnitude,
Different Phase

Shifted Delta Function
—>

1

Time Domain

1. Dmpalce at x[0]

15 1 4E
Eanp k muniber

d. Eupuke at[4]

15 1 4E
Eatvp ke munnber

g. Impulke atifg]

Y

15 1 LE]
Eanp k muniber

Frequency Domain

b, Mlagniade . Phase

g4

g
[

x

A

0.5 o 0s 0.5 o 0.5
Freqency Fraquency

|e. Mlazminade ) f. Fhase
qd
i NN
|:| 1
a:
& 1 1 %‘
0.5 [ [ u—u:u.s 0 0.5
Fremency Frequancy
i g
g4
P,
5 LELRLEL AL, .h AL
o e B B i i
PR IRIRIRIRIEIRIR
é" m u w uf v w u ®
L 1 LELBEEL L
& b & h|E EoE &
0.5 o 05 .5 o 0.5
Freqency Frequancy
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