Engineering Electromagnetics 17EC36

MODULE 2: Gauss's law and Divergence, Energy and Potential, Conductors Dielectrics
and Capacitance

2.1 Energy expended in moving a point charge in an electric field
2.2 Line integral

2.3 Definition of potential difference and potential

2.4 Potential field of a point charge & system of charges

2.5 Potential gradient,

2.6 Energy density in an electrostatic field.

2.7 Current and current density
2.8 Continuity of current
2.9 metallic conductors
2.11 Dielectric properties and boundary conditions for dielectrics,
Conductor properties and boundary conditions for perfect
2.12 dielectrics,

2.0 Objectives

1. To Understand the concept of Potential and Potential Difference
2. To Learn the concepts of Energy density, current density

3. To derive current continuity equation

4. To understand the boundary Conditions

2.1 Energy expended in moving a point charge in an electric field

Electric field intensity is defined as the force experienced by unit test charge at a point p.
If the test charge is moved against the electric field, then we have to exert a force equal
and opposite to that exerted by the field and this requires work to be done.

Suppose we need to move a charge fo Q C a distance dl in an electric field
E. The force on Q arising from the electric field is,

Fg = QK |
The differential amount of work done in moving charge Q over a distance dl

dW = —QE -dL

is given by, ‘ as F =QE

Thus the work done to move the charge for the finite distance is given by,

final
W = _Ql E-dL

it
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2.3 Definition of Potential Difference and potential

Potential difference(V) is defined as the work done in moving unit positive
charge from one point to another point in an electric field.

We know that,

final
W=—0Q [ E-dL

Jmat

final

Therefore V:W/Q;[ . Bl

V AB signifies potential difference between points A & B and the work done in
moving the unit charge from B to A. Thus B is the initial point & A is the final point.

t
Vag = [ E-dL. 'V
JB

From the previous example, the work done in moving charge Q from p=b to p=a was,

) b
W = Qo Inl
2.7ﬂ| a

Thus the potential difference between the pointsa & b is.given by,

Vgp=—= In—

Absolute electric potential is defined as the work done in moving a unit positive
charge from infinity to that point against the field.

Electric field is defined as force on unit charge.
E=F/Q.

By moving the charge Q aganist an electric field between the two points a & b work
is done. Thus,

EdI= Fxdl/Q =work/ charge.

This work done per charge is the electric potential difference. Potential difference
between points a and b at a radial distance of ra and rb from a point charge Q is given
by, If the potential at point a is VA and at point B is Vs, then

Vap=Va— Vg

Equipotential Surface is defined as "It is a surfacehaving the same value of potential” on
composed of all- points such surfaces no work is charge, hence no potential difference
involved in moving a unit between any two points on this

surface.
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2.4  Potential field of a point charge & system of charges

Consider a point charge Q to be placed in the origin of a spherical coordinate system. Consider
2 points A & B as shown in the figure.

A, B4, 0 E=E,

— dL=dra +rdbag*rsintdgpa,

d/ /’
[
|/
6/ - B(rg, Og. dg)
Electric Potential difference between A & B, Vasg is given by,
i
Vip = E-dL
JB
dl in spherical co ordinate system is given the figure above and E=Q/ 4I1€r"’
Therefore,
‘ g i3
Vig= | ErdL= [ € s (— —)
JB Ji dreqr: dreg \ry rp
And

I‘J[}_‘l.i l'lf

Potential at a point has been defined as the work done in moving unit positive charge from zero
reference to the point. Potential is independent of the path taken from one point to the other.
Potential due to a single charge is given by

V(r)=Q1/4II€R. If Q1 is at r]1 & point p at r, then

: Q,
I = —
©) 4ren|r — 1y
Potential arising from 2 charges, Q1 at r1 and Q2 at r2, is given by
[ . TN
drneplr — 1| 4dmep|r — 2|
Potential due to n number of charges, is given by
) 0> )
Vi) = | = R T
dreylr — ry|  dmelr — s dreylr — 1,
Or

’ - Qm
J = S S R—
(r) Z*‘.‘fﬂ,lf rml

e |

If point charge is a small element in the continuous volume charge distribution then,
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l(r)— /';(rl)Al'l /"(r:)Al': 4 /"(rn)-ﬁl‘n
T dnelr — 1| 4dnelr —r T dmeolr —
As number of point charges in the volume charge distribution tends to infinity,

i p..(r')dr'
O TS
Jvol 4.7?()[1' r/l

Similarly if the point charges takes the form of a straight line then,

, pr(r')dL’
(r) = | ———
- _[416‘.“ r'|
Similarly if the point charges takes the form of a surface charge then,
y [ ps(r’)dS’
() = | ——
Js dmeglr — r’|

Potential is a function of inverse distance. Hence we can conclude that for a zero reference at
infinity, then:

| Potential due to a single point charge is the work done in moving unit positive charge from
zero reference to the point. Potential is independent of the path taken from one point to the other

Il Potential field due to number of charges is the sum of the individual potential fields arising
from each charge.

I11. Potential due to continuous charge distribution is found by carrying a unit charge

from infinity to the point under consideration.

{
[..”‘ - l‘_g "y = [ E-dlL
JB is independent on the path chosen for the line
integral, regardless of the source of the E field.

Hence we can conclude that no work is done in carrying a unit positive charge around any
closed path, or

[ E-dL=0

Any field that satisfies an equation of the form above is said to be conservative field

2.5 Potential Gradient

Potential at any point is given by

Vs E-dL

Potential difference between 2 points separated by a very short length AL along which E
is essentially constant, is given by

AV=-E-:AL

In rectangular co ordinate system,
v av v
dVv :(—(l\' ) 4 (__—d_‘
ax dy dz

, As V is a unique function of x,y,z. Then,
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dV =~E-dl.= —E.dx — E,dy — E. dz

Since both the expressions are true with respect dx,dy & dz, we can write
av

E = ——
X a.\'

av
ay
av

=R

E— v ; Dl"_ av
L= ?’-;_--l'\ + QTJ‘P 1 '-2)—:-‘!_-

E, =

Therefore,

In rectangular co ordinate system,

w_ W
dd V:-_—;lr A, —a-
" ax i ay bt a0z -

Combining all the above equations allows us to use a compact expression that relates E &
E=-VV

Vv,
Gradient in other coordinate system is as given below,

4 1 aV aV B
VW=—a,4+——a9 +—2; (cylindrical)
dp p o dz
| 4 1 aVv 1 aVv .
vV = E‘l‘r = m‘sla» t oy g‘l‘, (spherical)

Given the potential field, ¥ = 2x2y — Sz, and a point P(—4, 3, 6), we wish to find several
numerical values at point P: the potential V', the electric field intensity E, the direction
of E, the electric flux density D, and the volume charge density p,.
Solution. The potential at P(—4, 5,6) is

Vp=2(—4)%(3)— 5(6) =66 V
Next, we may use the gradient operation to obtain the ekectric field intensity,

E=—-VV = —d4xya, — 2x%a, + Sa. V/m

The value of E at point P is
Ep =48a, —32a,+5a. V/m

and

Ep| = /482 +(—=32)* + 52 =579 V/m
The direction of E at P is given by the unit vector
ag p= (48a, — 32a, + S5a.)/57.9
= 0.829a, —0.553a, + 0.086a.
If we assume these fields exist in free space, then

D =K = —35.4xya, — 17.71x%, +44.3a, pC/m’
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6 Energy Density in an Electric Field

Consider a surface without charge. Bringing a charge Q1 from infinity to any point on the
surface requires no work as there is no field present. The positioning of Q2 at appoint in the
field of Q1 requires an amount of work to be done which is given by

Work to position Q> = 0, V>,
Similarly work required to position each additional charge in the field is given by,

Work to position Q3= Q3 V31 + Q332
Work to position Qs = QsVis 1+ QsVs2+ QsVaa

Total positioning work = Potential energy of the field

=Weg=V, + 03V + Q332+ Q4Vs,
FQaVair+QsVaa+ ...

Bringing the charges in the reverse order, the work done is given by,
We=QVia+QiVig+QVoz+ Q1 Via+ 0 Vas+ OsVs4+...
Adding the 2 energy expressions, we get

2We=Q1(Vip+Via+Vig+..)
FOs(Vay+ Vasz+ Vag+...)
FQi(Vi i+ Vas+Vig+...)
For n number of charges,

””I.:';(Qll'l } Q:l': t Q,ll'.‘ } ):{)— le-m

2.7 Potential energy in a continuous charge distribution:
For the region with continuous charge distribution, the equation for WE=
By vector identity which is true for any scalar function V & vector D,

V-(VD)=V(V-D)+ D-(VV)

Then,
Wy ---',—[ pVdve —-',—[ (V-D)V dv
“Jvol = Jvol

:%[ [V-(VD) - D-(VV)]dv
Jvol
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From Guass law, We can write

H',.;:{-:‘[w(l'l))wl.\ {,[ D (VV)dv
JS Jvol

and from gradient

”“.L' = 17[

Jvol

D-Edv=1 [ €oE’ dv

vol

2.8 Boundary condition for conductor free space interface:

Consider a closed path at the boundary between conductor and a dielectric, such that
Ah—0.

Free space i ---,E
|
- " V
> 1 4
" Conductor

We know that work done in moving a charge over a closed path is zero i.e.,
{* E-dL =0

Therefore the integral can be broken up as,

b y d U
e
Ja Jb Je Jd

Let the length from a to b or c to d be AW and from a to d or b to ¢ be Ah , hence we obtain,
[;.[ A“‘ — L’A\'.;“ b -!; A}I ‘+‘ 1_"_\' ata '!,' AII = 0

. Hence we obtain EAW=0 & therefore Et=0
Hence at the conductor dielectric interface tangential component of the electric field intensity
is zero.

Consider a gaussian cylinder of radius p and height Ah at the boundary, Applying Gauss
law,

* D-dS=0Q
S & then integrating over the distinct surfaces we get

top  Jbottom sides

Flux experienced by the lateral surface is zero & Flux experienced by the bottom surface
is zero as charge inside the conductor is zero. Therefore

DNAS = Q = psAS Dy = ps

or
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At the conductor dielectric interface normal component of the electric flux density is equal
to the surface charge density.

2.8 Boundary condition for perfect dielectric:

Consider a closed path abcda at the dielectric dielectric interface & Ah—0. The work done
in moving a unit charge over a closed path is zero. Therefore,

Dy,
Region 1 ¢ \ VR
€ /
L1 d E:m / / \ D’W
: //" Region 2
q / & Eyn2 2

&)

We know that the work done in moving a unit charge over a closed path is zero. Therefore,

«{‘ E-dL =0
- , and hence

Epnt Aw— Eygnr Aw =0 .

The small contribution of the normal component of E due to Ah becomes negligible. Therefore,

Eunt = Ewn2
. & as D=€E we get,
Dign2  Dun
= Ewn1 = Egn2 = = o — E,l

Gl €2 Dyga €2
or .

At the dielectric — dielectric boundary tangential component of the E is continuous where as

tangential component of electric flux density is discontinuous.
Consider a gaussian cylinder of radius p and height Ah at the boundary, Applying

Gauss law, & then integrating over the distinct surfaces we get

Jiop Jbottom  Jsides

. Flux experienced by the lateral surface is zero. Therefore
[.)\A]A.S‘ — [)‘\:A.S. = AQ = [).\A.S‘

Diﬁn |

From which,

‘ Dyy — Dy> = ps

For perfect dielectric, DN1= DN2, then €2E2 = €1E].
At the dielectric dielectric boundary normal component of the flux density is continuous.

Normal components of D are continuous,
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Dy = D) cos8y = Dycoséh = Dy»
. The ratio of the tangential components,
Diany - D, sinHl J €}

R T

Or 6D sinfy; = €, D> sind,

And
tan Hl €]

tané, €

The magnitude of D is given by,

[ 2

ll ) €Y Zuih
[): — DIV' COS- H] + (——) sin- H]
€ .

tn |

Out comes
At the end of the unit the students are able to understand the concepts of Potential

and Potential difference, energy and current densities, current continuity

equation, and different boundary conditions.

Recommended questions

1. Define electric scalar potential. Establish the relationship between intensity and potential.
2. Discuss the boundary conditions between 2 perfect dielectrics.
3. State & explain the principle of charge conservation.

4. Derive for energy stored in an electrostatic field.
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5. Derive for energy expended in moving a point charge in an electric field.
6. Define Potential & potential difference.

7. Prove that E is Grad of V

8. Write a short note on dipole

9. Three point charges, 0.4 pC each, are located at (0,0,-1), (0,0,0) and (0,0,1) in free space.
(a). Find an expression for the absolute potential as a function of Z along the Ine x=0, y=1.
(b) Sketch V(2).
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