BEAMS and SHAFTS
Module-3

Beam element

Beam is a structural member which is acted upon by a system of
external loads perpendicular to axis which causes bending that is
deformation of bar produced by perpendicular load as well as force
couples acting in a plane. Beams are the most common type of
structural component, particularly in Civil and Mechanical
Engineering. A beam is a bar-like structural member whose primary
function is to support transverse loading and carry it to the supports
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A truss and a bar undergoes only axial deformation and it is
assumed that the entire cross section undergoes the same displacement,
but beam on other hand undergoes transverse deflection denoted by v.
Fig shows a beam subjected to system of forces and the deformation of
the neutral axis
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We assume that cross section 1s doubly symmetric and bending take
place in a plane of symmetry. From the strength of materials we
observe the distribution of stress as shown.

d?v/dx? = M/El
Where M is bending moment and I is the moment of inertia.
According to the Euler Bernoulli theory. The entire c/s has the same
transverse deflection V as the neutral axis, sections originally
perpendicular to neutral axis remain plane even after bending

Deflections are small & we assume that rotation of each section
is the same as the slope of the deflection curve at that point (dv/dx).
Now we can call beam element as simple line segment representing the
neutral axis of the beam. To ensure the continuity of deformation at any
point, we have to ensure that V & dv/dx are continuous by taking 2 dof

@ each node V & 0(dv/dx). If no slope dof then we have only
transverse dof. A prescribed value of moment load can readily taken

into account with the rotational dof O .

Potential energy approach
Strain energy in an element for a length dx is given by
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But we know ¢ = M y / I substituting this in above equation we get.

= % | M2 y2dA dx
AEI2

=% M2 [ y2dA ] dx
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But
M= El d?v/dx?

Therefore strain energy for an element is given by

L
= % [ El (d?v/dx?)? dx
Now the potential energy for a beam element can be written as
L 2 L
1= | El[dzxjdx -Ipvdx-ZP,V, - MV,
0 d—xz 0 m
P ---- distribution load per unit length
P - point load @ point m
V- deflection @ point m

M, ----- momentum of couple applied at point k

V' ----- slope @ point k



Hermite shape functions:
1D linear beam element has two end nodes and at each node 2

dof which are denoted as Q2i-1 and Q2i at node i. Here Q2i-1 represents

transverse deflection where as Q2j is slope or rotation. Consider a beam
element has node 1 and 2 having dof as shown.
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The shape functions of beam element are called as Hermite shape

functions as they contain both nodal value and nodal slope which is
satisfied by taking polynomial of cubic order

Hi=a+ Db & +c & +d; &

that must satisfy the following conditions
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Applying these conditions determine values of constants as

Hi=a+bg+6E +4d&
@ node 1
Hi=1, H’'=0, £=-1

1=a1'b1+C1—d14»®
H1’=%gi= 0=b, - 2¢, +3d,— @



H=a+bg+¢&+d8
@ node 2

H=1, H'=0, £€=1

O=a;+by+¢;+dy——)

H1’=%%|i= 0=b, +2¢, +3d,—(
Solving above 4 equations we have the values of constants

a1=1/2 , b1='% y C1= O, d1= %
Therefore
Hi =Y (2 - 3¢+ £9)

Similarly we can derive

Ho =% (1- & 82 +5%)
Hy =V (2 43¢ - £9)
Hy =V (1- 6452 +89)

Following graph shows the variations of Hermite shape functions
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Stiffness matrix:
Once the shape functions are derived we can write the equation

of the form

V() = HV, +H, d_V+H3V3 +H{dVJ
dé !

1 de
But
dv_dv dX
dé dx d&
_ dv te
dx2

1€

V(E) = H,V, +H{vaF +H,V, +H{dvjk
dx 2 dxp

V(€) = Hyq, tHyq,L +H,q,; +H,q L
2 2

We know V — H q

where

|—|=E—|1 HoL, H, H45J
2 2

Strain energy in the beam element we have

L
= % | El (d?v/dx?)? dx

X
_2d|dv
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_Ledx{ ] Where m dt



Where
d?H)|_ [3c , [1+38l, , -3¢ ,1+3§|e}
{dg}[z [2%? (2%
Therefore total strain energy in a beam is
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Now taking the K component and integrating for limits -1 to +1 we get
12 6, -12 6l, )

El |6, 42 -6l 2.2
Le3|-12 -6, 12 -6l

6l, 2.2 -6l, 4l.2
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Beam element forces with its equivalent loads
Uniformly distributed load

A A A A A A A A A HPAl A A A A A A A A A A PLE/2 PLe/Z
= | |
G (L
N »  PLSNZ -PL.2/12
a

Point load on the element

A wh?/PP (3a+h)  -wa/P (a+3b)
= |
: L
H ‘ sﬂabzllz wa?b/P
Vlarying load
P -3PL/20 -7PL/20
: (s
L > -1/30PL2 -1/20PL2

Bending moment and shear force
We know

—_rild2v -|[dM| yv=H
M—El[dsz v [dx} q

Using these relations we have
M=EfEq; +(32 -1)l,0,-6205+(35 +1),0

o =6TES“I[ZQ1 +1.9, '2Q3+|eCI4]
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E = 200GPa

| =4 X 108N/mm*
Solution:

Let’s model the given system as 2 elements 3 nodes finite
element model each node having 2 dof. For each element determine
stiffness matrix.

- 2 % - ;3 4 5 6 3
12 6 126 | 12 6 126 |5
K=8x1096 4 6 2 12 K=-8X1056 4 6 2 |
12 6 12 -6 |2 12 6 12 6 |5
€6 4 6 4 | 6 4 6 4
Global stiffness matrix
1 2 3 4 5 6
(12 126 0 0);
6 6 2 0 |2
12 6 24 0 -12 6 |°
K=8 X 105
6 2 0 8 -6 4
12 6 12 6|5
0 0 6 2 6 4 °




Load vector because of UDL

Element 1 do not contain any UDL hence all the force term for
element 1 will be zero.
ie

e N ' N

F1
2

F1= =

F3
F4

X P

o O o o
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For element 2 that has UDL its equivalent load and moment are
represented as

6000N 6000N
V1 000N-m “TY1000N-m
2 3
1€
e e g
F3 -6000
_|F4 -1000
F2_ F5 | = | -6000
F6 1000
S

Global load vector:

F| (o)
F2 0
F= |F3|= -6000
F4| |-1000
F5| |-6000
F6) 11000



From KQ=F we write

i |- e 5
14 12— © q 0 QT U
-
— % 2 U\ 0
4> to—ob—o——ho> 61 —Q) 6000 —
o =
ol L 4 2 q 8 b 2 Q4 -1000
———1>—6—1>—"56 @ 6006—
4 ¢ p 2 $ 4% J 1000

At node 1 since its fixed both q1=g2=0
node 2 because of roller 3=0
node 3 again roller ie g5=0
By elimination method the matrix reduces to 2 X 2 solving this we

have Q4= -2.679 X 10™*mm and Q6 = 4.464 X10™*mm

To determine the deflection at the middle of element 2 we can write the
displacement function as

V(€) = H,q; +Hyq4L +H395 +H4q6L

—e
2 2
= -0.089mm
Example 9
2400N/m l 1100N
®
10m 12m 6m

ElI=2X1 O7N—m2I El= 10’N-m?



Solution: Let’s model the given system as 3 elements 4 nodes finite
element model each node having 2 dof. For each element determine

stiffness matrix. QI, Q2...... Q8 be nodal displacements for the entire
system and F1...... F8 be nodal forces.

ST 4 F3 45 8 A
12 60 -12 60 - 27 427 |
_ox107/60 400 60 200 2 . {07 T2 576 72 288 |
K‘ 100 f 19 :
42 60 12 60 ° 27 13
60 200 60 400 72 %8 -T2 576

(5 6 7 8 "

12 3 -12 3 |s

(= 107 (36 14 36 72 ¢

3 6—3 :

42 36 12 -36

36 72 % 144 )
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Load vector because of UDL:
For element 1 that is subjected to UDL we have load vector as

12000N 12000N
/\20000N-m O0O0ON-m
2 3
1e
N N
= -12000
_|r2 -20000
F1_ F3 | = | -12000
F4 20000
N J \ /

Element 2 and 3 does not contain UDL hence

TR ws] (o
Fo=|es | =/ o Fa= e | = ;
F6 0 F8 0
Global load Ve:ctO;: S o o
F1] | -12000
F2 ~20000
F3 | -12000
- F4_ | -20000
F5 0
F6 0
F7 0
F8’ L 0




And also we have external point load applied at node 3, it gets added to
F5 term with negative sign since it is acting downwards. Now F
becomes,

F1] [ -12000]
F2 -20000
F3 -12000
= F4 _ -20000
ED 0 -10000
F6 0
FY 0
‘F8’ L 0 )
From KQ=F
~) 2 ¥ X R £ ¥
| @ —T7000]
2 Q2 -20000
* las -12000
K= 8 X 8 * |Q4 | =| -20000
¥ QB -10000
° |Q6 0
: 0
N~ /8 3 )) \ V) W

At node 1 because of roller support

q1=0 Node 4 since fixed q7=q8=0
After applying elimination and solving the matrix we determine the
values of g2, q3, g4, q5 and qb.



