Circuit Concepts and
Network Simplification
Techniques

1.1 Introduction

Today we live in a predominantly electrical world. Electrical technology is a driving force
in the changes that are occurring in every engineering discipline. For example, surveying
is now done using lasers and electronic range finders.

Circuit analysis is the foundation for electrical technology. An indepth knowledge of
circuit analysis provides an understanding of such things as cause and effect, feedback
and control and, stability and oscillations. Moreover, the critical importance is the fact
that the concepts of electrical circuit can also be applied to economic and social systems.
Thus, the applications and ramifications of circuit analysis are immense.

In this chapter, we shall introduce some of the basic quantities that will be used
throughout the text. An electric circuit or electric network is an interconnection
of electrical elements linked together in a closed path so that an electric current
may continuously flow. Alternatively, an electric circuit is essentially a pipe-line that
facilitates the transfer of charge from one point to another.

1.2 Current, voltage, power and energy

The most elementary quantity in the analysis of electric circuits is the electric charge.
Our interest in electric charge is centered around its motion results in an energy transfer.
Charge is the intrinsic property of matter responsible for electrical phenomena. The
quantity of charge ¢ can be expressed in terms of the charge on one electron. which is
—1.602 x 10~!? coulombs. Thus, —1 coulomb is the charge on 6.24 x 10'® electrons. The
current flows through a specified area A and is defined by the electric charge passing
through that area per unit time. Thus we define ¢ as the charge expressed in coulombs.
Charge is the quantity of electricity responsible for electric phenomena.



2 | Network Theory

The time rate of change constitutes an electric current. Mathemetically, this relation
is expressed as

Z(t)qud(;) (1.1)
or q(t):/_' i(z)dz (1.2)

The unit of current is ampere(A); an ampere is 1 coulomb per second.
Current is the time rate of flow of electric charge past a given point.
The basic variables in electric circuits are
current and voltage. If a current flows into ;
terminal a of the element shown in Fig. 1.1, g o
then a voltage or potential difference exists -
between the two terminals a and b. Nor-
mally, we say that a voltage exists across
the element.

Vah

Figure 1.1 Voltage across an element

The voltage across an element is the work done in moving a positive charge
of 1 coulomb from first terminal through the element to second terminal. The
unit of voltage is volt, V or Joules per coulomb.

We have defined voltage in Joules per coulomb as the energy required to move a
positive charge of 1 coulomb through an element. If we assume that we are dealing with
a differential amount of charge and energy,

_dw

then v = ch

(1.3)

Multiplying both the sides of equation (1.3) by the current in the element gives

. dw (dq dw
vi = a7 <dt> = T (1.4)
which is the time rate of change of energy or power measured in Joules per second or
watts (W).
p could be either positive or negative. Hence it i
is imperative to give sign convention for power. o——— | —5
If we use the signs as shown in Fig. 1.2., the x v y

current flows out of the terminal indicated by =,
which shows the positive sign for the voltage. In
this case, the element is said to provide energy
to the charge as it moves through. Power is then

provided by the element.
Conversely, power absorbed by an element is p = vi, when ¢ is entering through the

positive voltage terminal.

Figure 1.2 An element with the current
leaving from the terminal
with a positive voltage sign
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Energy is the capacity to perform work. Energy and power are related to each
other by the following equation:

t
Energy =w = / p dt

—00
EXAMPLE A
Consider the circuit shown in Fig. 1.3 with i
v=28etVandi=20e"tAfort>0. Find o— | 5
the power absorbed and the energy supplied - " +
by the element over the first second of oper-
ation. we assume that v and i are zero for Figure 1.3
t <O0.
SOLUTION
The power supplied is

p=wvi = (8¢ ")(20e™")
=160e" 2 W

The element is providing energy to the charge flowing through it.
The energy supplied during the first seond is

1 1
w= / pdt = / 160e—2tdt
0 0

=80(1 — e %) = 69.17 Joules

1.3 Linear, active and passive elements

A linear element is one that satisfies the prin- a —» b
ciple of superposition and homogeneity. S— — O
In order to understand the concept of super- v

position and homogeneity, let us consider the Figure 1.4 An element with excitation
element shown in Fig. 1.4. 1 and response v

The excitation is the current, ¢ and the response is the voltage, v. When the element
is subjected to a current i1, it provides a response v;. Furthermore, when the element is
subjected to a current s, it provides a response wvo. If the principle of superposition is
true, then the excitation i; + io must produce a response vi + vs.

Also, it is necessary that the magnitude scale factor be preserved for a linear element.
If the element is subjected to an excitation (37 where (3 is a constant multiplier, then if
principle of homogencity is true, the response of the element must be [v.

We may classify the elements of a circuir into categories, passive and active, depending
upon whether they absorb energy or supply energy.
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1.3.1 Passive Circuit Elements

An element is said to be passive if the total energy delivered to it from the rest of the
circuit is either zero or positive.
Then for a passive element, with the current flowing into the positive (4) terminal as

shown in Fig. 1.4 this means that
¢

w:/vidtzo

—00

Examples of passive elements are resistors, capacitors and inductors.

1.3.1.A Resistors

Resistance is the physical property of an ele- R

ment or device that impedes the flow of cur- o———AMWWW——o
rent; it is represented by the symbol R.
Resistance of a wire element is calculated us-
ing the relation:

Figure 1.5 Symbol for a resistor R

R:%l (1.5)

where A is the cross-sectional area, p the resistivity, and [ the length of the wire. The
practical unit of resistance is ohm and represented by the symbol €.
An element is said to have a resistance of 1 ohm, if it permits 1A of
current to flow through it when 1V is impressed across its terminals.
Ohm’s law, which is related to voltage and current, was published in 1827 as
v=Ri (1.6)
or R= E
i
where v is the potential across the resistive element, ¢ the current through it, and R the
resistance of the element.
The power absorbed by a resistor is given by
2

. v v
p=vi=v(g)=7% (.7
Alternatively,
p=wvi=(iR)i = i*R (1.8)

Hence, the power is a nonlinear function of current ¢ through the resistor or of the
voltage v across it.
The equation for energy absorbed by or delivered to a resistor is

t t
w:/ pdT:/ i’R dr (1.9)

2 is always positive, the energy is always positive and the resistor is a passive

Since
element.
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1.3.1.B Inductors

Whenever a time-changing current is passed through a coil or wire, the voltage across
it is proportional to the rate of change of current through the coil. This proportional
relationship may be expressed by the equation

v=Ly
Where L is the constant of proportionality known as induc-
tance and is measured in Henrys (H). Remember v and i are
both funtions of time.
Let us assume that the coil shown in Fig. 1.6 has NV turns and
the core material has a high permeability so that the magnetic
fluk ¢ is connected within the area A. The changing flux

creates an induced voltage in each turn equal to the derivative Figure 1.6 Model of the
of the flux ¢, so the total voltage v across N turns is inductor
d¢
v=N— 1.11
i (1.11)

Since the total flux N¢ is proportional to current in the coil, we have
N¢ = Li (1.12)

Where L is the constant of proportionality. Substituting equation (1.12) into equa-
tion(1.11), we get

= —
TR

di
p =t <dt>l

The energy stored in the inductor is

t
w:/ pdr

l(t) 1
= L/ i di = §Li2 Joules (1.13)
i(—o0)

The power in an inductor is

Note that when ¢t = —o0,i(—0c0) = 0. Also note that w(t) > 0 for all i(¢), so the
inductor is a passive element. The inductor does not generate energy, but only stores
energy.
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1.3.1.C Capacitors

A capacitor is a two-terminal element that is a model of a
device consisting of two conducting plates seperated by a di-
electric material. Capacitance is a measure of the ability of
a deivce to store energy in the form of an electric field.
Capacitance is defined as the ratio of the charge
stored to the wvoltage difference between the two con-
ducting plates or wires,

c=1

v
The current through the capacitor is given by

d d
i=-cZ
dt dt
The energy stored in a capacitor is
t

w:/vid'r

— 00

1.7 Circuit symbol for
a capacitor

(1.14)

Remember that v and ¢ are both functions of time and could be written as v(¢) and

i(t).
dv
Si =C—
ince i =
t
we have w:/deU dr
dr
b 1 e
=C / v dv = =Cv?
2 v(—00)
v(—00)
Since the capacitor was uncharged at ¢t = —o0, v(—00) = 0.
Hence w = w(t)

1
= 56’112(75) Joules
Since ¢ = Cv, we may write

w(t) 2(t) Joules

~ 201

(1.15)

(1.16)

Note that since w(t) > 0 for all values of v(t), the element is said to be a passive

element.
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1.3.2 Active Circuit Elements (Energy Sources)

An active two-terminal element that supplies energy to a circuit is a source of energy. An
ideal voltage source is a circuit element that maintains a prescribed voltage across the
terminals regardless of the current flowing in those terminals. Similarly, an ideal current
source is a circuit element that maintains a prescribed current through its terminals
regardless of the voltage across those terminals.

These circuit elements do not exist as practical devices, they are only idealized models
of actual voltage and current sources.

Ideal voltage and current sources can be further described as either independent
sources or dependent sources. An independent source establishes a voltage or current
in a circuit without relying on voltages or currents elsewhere in the circuit. The value of
the voltage or current supplied is specified by the value of the independent source alone.
In contrast, a dependent source establishes a voltage or current whose value depends on
the value of the voltage or current elsewhere in the circuit. We cannot specify the value
of a dependent source, unless you know the value of the voltage or current on which it
depends.

The circuit symbols for ideal independent sources are shown in Fig. 1.8.(a) and (b).
Note that a circle is used to represent an independent source. The circuit symbols for
dependent sources are shown in Fig. 1.8.(c), (d), (e) and (f). A diamond symbol is used
to represent a dependent source.

o (o] o o o (o]

C) ; <D ,- <+> v=bu, <+> v=ri, <1 i=gy, <f> i=di,
o (o] O O o O
(a) (b) © (@ (© (0

Figure 1.8 (a) An ideal independent voltage source
(b) An ideal independent current source
(c) voltage controlled voltage source
(d) current controlled voltage source
(e) voltage controlled current source
(f) current controlled current source
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1.4 Unilateral and bilateral networks

A Unilateral network is one whose properties or characteristics change with the direction.
An example of unilateral network is the semiconductor diode, which conducts only in one
direction.

A bilateral network is one whose properties or characteristics are same in either direc-
tion. For example, a transmission line is a bilateral network, because it can be made to
perform the function equally well in either direction.

1.5 Network simplification techniques

In this section, we shall give the formula for reducing the networks consisting of resistors
connected in series or parallel.
1.5.1 Resistors in Series

When a number of resistors are connected in series, the equivalent resistance of the com-
bination is given by

R=Ri+Rys+---+R, (1.17)
Thus the total resistance is the algebraic sum of individual resistances.
R, R, R,

Figure 1.9 Resistors in series

1.5.2 Resistors in Parallel

When a number of resistors are connected in parallel as shown in Fig. 1.10, then the
equivalent resistance of the combination is computed as follows:
1 1 1 1
s=5+5+... + — (1.18)
Thus, the reciprocal of a equivalent resistance of a parallel combination is the sum of
the reciprocal of the individual resistances. Reciprocal of resistance is conductance and
denoted by G. Consequently the equivalent conductance,

G=Gi+Gat--+Gy

Figure 1.10 Resistors in parallel
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1.5.3 Division of Current in a Parallel Circuit

| 9

Consider a two branch parallel circuit as shown in Fig. 1.11. The branch currents I; and
I> can be evaluated in terms of total current I as follows:

L IR IGy
""Ri+Ry, G +Gy
L IR IG,
" Ri+R Gi+G

LR
—— AN/

12 R2
—— AN/

Al

14

=

||

Figure 1.11 Current division in a parallel circuit

(1.19)

(1.20)

That is, current in one branch equals the total current multiplied by the resistance of the
other branch and then divided by the sum of the resistances.

SV 1.2

The current in the 62 resistor of the network shown in Fig. 1.12 is 2A. Determine the

current in all branches and the applied voltage.

\

6Q c 8Q
—— \VVW— A%
2A
4Q
O—AVW—
| 8Q 200
b VMV 2 MWW
' v
(applied voltage)
Figure 1.12
SOLUTION
Voltage across 62 =16 x 2

=12 volts
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83Q

Since 62 and 8() are connected in parallel, voltage C D
= AAAA——
across 8(2 = 12 volts.
Therefore, the current through _ 12 15 A 35A
80 (between A and B) 8 O——]
Total current in the circuit =2+1.5=3.5 A 20Q
Current in the 42 branch = 3.5 A —VVW—
C t th h 8Q (bet C and D) 3.5 X 20
rrent thr n n = 3.
urre oug etwe a 20+ 38
=25 A
Therefore, current through 2002=3.5-25
=1A
6x8 8x20
Total resistance of the circuit =4+ G i 313 j_ 20
= 13.143Q2
Therefore applied voltage, V=35x13.143 (- V =1IR)
=46 Volts
SNV 1.3
Find the value of R in the circuit shown in Fig. 1.13.
L 20Q
——AMA———
5Q
MWWV L 200
S AMA——
[=2.5A & I3 N
| |
I I
25 Volts
Figure 1.13

SOLUTION
Voltage across 5{) = 2.5 x 5 = 12.5 volts
Hence the voltage across the parallel circuit = 25 — 12.5 = 12.5 volts

Current through 202 =17 or I

12.5
= —— =0.625A
50 0.625
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Therefore, current through R=Is=1—-1 — I
=2.5-0.625—0.625
=1.25 Amps

12.5
H =— =100
ence, R 195 0

1.6 Kirchhoff’s laws

In the preceeding section, we have seen how simple resistive networks can be solved
for current, resistance, potential etc using the concept of Ohm’s law. But as the network

becomes complex, application of Ohm’s law for
solving the networks becomes tedious and hence
time consuming. For solving such complex net-
works, we make use of Kirchhoff’s laws. Gustav
Kirchhoff (1824-1887), an eminent German physi-
cist, did a considerable amount of work on the
principles governing the behaviour of eletric cir-
cuits. He gave his findings in a set of two laws: (i)
current law and (ii) voltage law, which together
are known as Kirchhoff’s laws. Before proceeding
to the statement of these two laws let us familar-
ize ourselves with the following definitions encoun-
tered very often in the world of electrical circuits:

D

Figure 1.14 A simple resistive network
for difining various circuit
terminologies

(i) Node: A node of a network is an equi-potential surface at which two or more circuit
elements are joined. Referring to Fig. 1.14, we find that A,B,C and D qualify as

nodes in respect of the above definition.

(ii) Junction: A junction is that point in a network, where three or more circuit elements
are joined. In Fig. 1.14, we find that B and D are the junctions.

(iii) Branch: A branch is that part of a network which lies between two junction points.
In Fig. 1.14, BAD,BCD and BD qualify as branches.

Loop: A loop is any closed path of a network. Thus, in Fig. 1.14, ABDA,BCDB and
ABCDA are the loops.

Mesh: A mesh is the most elementary form of a loop and cannot be further divided
into other loops. In Fig. 1.14, ABDA and BCDB are the examples of mesh. Once
ABDA and BCDB are taken as meshes, the loop ABCDA does not qualify as a mesh,
because it contains loops ABDA and BCDB.



12 | Network Theory

1.6.1 Kirchhoff’'s Current Law

The first law is Kirchhoff’s current law(KCL), which states that the algebraic sum of
currents entering any node is zero.
Let us consider the node shown in Fig. 1.15. The sum of the currents entering the
node is
—bg +1p —tc+ 190 =0
Note that we have —i, since the current i, is leaving the node. If we multiply the
foregoing equation by —1, we obtain the expression

lg— 1+ 1.—1q=20

which simply states that the algebraic sum of currents leaving a node is zero. Alternately,
we can write the equation as
1+ iqg = iq +ic

which states that the sum of currents entering a node
is equal to the sum of currents leaving the node. If the
sum of the currents entering a node were not equal
to zero, then the charge would be accumulating at a
node. However, a node is a perfect conductor and
cannot accumulate or store charge. Thus, the sum of
currents entering a node is equal to zero.

Figure 1.15 Currents at a node

1.6.2 Kirchhoff’'s Voltage Law

Kirchhoff’s voltage law (K VL) states that the algebraic sum of voltages around any closed
path in a circuit is zero.
In general, the mathematical representation of Kirchhoff’s voltage law is

N
> i) =0

j=1
where v;(t) is the voltage across the j branch (with proper reference direction) in a loop
containing N voltages.
In Kirchhoff’s voltage law, the algebraic sign
is used to keep track of the voltage polarity.
In other words, as we traverse the circuit, it is
necessary to sum the increases and decreases
in voltages to zero. Therefore, it is impor-
tant to keep track of whether the voltage is
increasing or decreasing as we go through each
element. We will adopt a policy of consider-
ing the increase in voltage as negative and a
decrease in voltage as positive.

Figure 1.16 Circuit with three closed paths
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Consider the circuit shown in Fig. 1.16, where the voltage for each element is identified
with its sign. The ideal wire used for connecting the components has zero resistance,
and thus the voltage across it is equal to zero. The sum of voltages around the loop
incorporating vg, vs, v4 and vy is

—vg —v3+v4+v5=0

The sum of voltages around a loop is equal to zero. A circuit loop is a conservative
system, meaning that the work required to move a unit charge around any loop is zero.

However, it is important to note that not all electrical systems are conservative. Ex-
ample of a nonconservative system is a radio wave broadcasting system.

VI 1.4
Consider the circuit shown in Fig. 1.17. Find each branch current and voltage across
each branch when R; = 8Q, vy = —10 volts i3 = 2A and Rg = 12. Also find Rs.

E R, Ay o By R B
NV : ANNNN—
+ v - ll3 + v, -
+
10V <+> v, <R3 <+>12V
D C
Figure 1.17

SOLUTION
Applying KCL (Kirchhoff’s Current Law) at node A, we get

i =12 +13
and using Ohm’s law for R3, we get
v3 = Ryig = 1(2) = 2V
Applying K VL (Kirchhoff’s Voltage Law) for the loop EACDE, we get

—10+v; +v3=0
= v =10 —vg =8V
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Ohm’s law for Ry is

v =11 Ry
. U1
21 R1
Hence, 19 =11 — 13
=1-2=-1A
From the circuit, v9 = Roio
—10
= Ro=2="""-100
19 -1
AWV 1.5
Referring to Fig. 1.18, find the follow-
ing:

(a) iy if 4y = 2A and i, = 0A
(b) i, if iy = 2A and i, = 2i,
)

(¢) iy if iy = iy = is

SOLUTION
Applying KCL at node A, we get

Figure 1.18

54ty +i, =i+ 3

(a> Iy = 2 +Zy+lz

=24+2+0=4A
(b) iy =341y —5—1,

— —2+42-2i,
= iy =0A
(c) This situation is not possible, since i, and i, are in opposite directions. The only

possibility is i, = 0, and this cannot be allowed, as K C'L will not be satisfied (5 # 3).

G 1.6
Refer the Fig. 1.19.

(a) Calculate v, if i, = —3A

(b) What voltage would you need to replace 5 V source to obtain v, = —6 V if
i, = 0.5A7
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e
N\

O IS TR

+

Figure 1.19

SOLUTION
(a) vy =1 (3 v, +1i.)

Since v, =5V and i, = —3A,

we get v, =3(5) —3 =12V
(b) vy=1B v, +1i,) =—6

=3v, + 0.5
= 3 v, =—6.5
Hence, vy = —2.167 volts

SNV 1.7

For the circuit shown in Fig. 1.20, find 4; and vy, given R3 = 6.

iy 6Q2 R,

M —— AN,

(OGN N OF

C
Figure 1.20
SOLUTION
Applying KCL at node A, we get
—i1—12+5=0
From Ohm’s law, 12 =isR3
12 12
= o =—=—=2A
“T Ry 6

Hence, i1=5—1y =3A
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Applying KVL clockwise to the loop CBAC, we get

—v1 —6i1+12=0
= v =12 — 64
=12 —6(3) = —6volts

EXAMPLE ]

Use Ohm’s law and Kirchhoff’s law to evaluate (a) v, (b) i, (¢) Is and (d) the power
provided by the dependent source in Fig 1.21.

4Q
i MWV
mn + ,UX —
(o,
+ S +
2V § 20 Cf) 6A I 2Q §8V <1> dv,
O
Figure 1.21
SOLUTION
(a) Applying KVL, (Referring Fig. 1.21 (a)) we get
—24v,+8=0
= vy = —6V
KVLpath | 4Q |
i : AMAN :
= Ty + v, - a !
O ) :
L2V §29 Cf) 6A I 20 §8v: <f> 4
o : I

Figure 1.21(a)
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(b) Applying KCL at node a, we get

v 8

Litdv,+ =3

N IS—|—4(—6)—g:4

= I,—24—-15=4
N I, = 29.5A

(c) Applying KCL at node b, we get

2 (.
’inzf Is — —6
) 2—|- +4

6
= iin:1—|—29.5—1—6:23A
(d) The power supplied by the dependent current source = 8 (4v, ) =8 x4x—6 = —192W

DNV 1.9
Find the current i and voltage v for the circuit shown in Fig. 1.22.

20 3i,
—AN—< >
i AN
+ li 2
21V C*) 30 6Q < v
4Q
0 VMWV q
Figure 1.22
SOLUTION
From the network shown in Fig. 1.22, ¢ = %
The two parallel resistors may be reduced to
3x6
= =2Q
P 3+6

Hence, the total series resistance around the loop is

R,=2+R,+4
=80
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Applying KVL around the loop, we have
—214+8i—3ip =0 (1.21)

Using the principle of current division,

. iRQ _i><3
12_R1+R2 346
3
9 3
= i = 3iy (1.22)

Substituting equation (1.22) in equation (1.21), we get

—21 + 8(3i2) —3i5=0
Hence, o =1A
and v = 06i9 = 6V

SNV 1.10
Find the current i and voltage v for resistor R in Fig. 1.23 when R = 16().

" I
® 4 b

2Q

X
O
O

<0

Figure 1.23

SOLUTION
Applying KCL at node z, we get

4—141 +3i9—129=0

v v
Al _ _v
50 1T 41276
v_uv
TR 16

v v

H 4-Yig Lo

ence, 67° %16 16

= v = 96volts

96

and i2:3:7:6A
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A wheatstone bridge ABCD is arranged as follows: AB = 102, BC = 3012, CD = 150

and DA = 20Q2. A 2V battery of internal resistance 2() is connected between points A
and C with A being positive. A galvanometer of resistance 40f) is connected between B

and D. Find the magnitude and direction of the galvanometer current.

SOLUTION

1x+1y

2Q

2V
| —a

Applying KVL clockwise to the loop ABDA, we get
102, + 402, — 20, =0
= 10¢; — 207, +40i, =0

Applying KVL clockwise to the loop BCDB, we get
30(iy — i) — 15(iy 4 i) — 40i, = 0
= 30i; — 15i, — 85i, =0

Finally, applying KVL clockwise to the loop ADCA, we get

20iy + 15(iy + i) + 2(ix +iy) —2 =0

= 2, + 37i, + 15i, = 2

Putting equations (1.23),(1.24) and (1.25) in matrix form, we get
10 —-20 40 g 0
30 —15 =85 iy | =10
2 371 15 iz 2

Using Cramer’s rule, we find that

i, =0.01 A (Flows from B to D)

_—
i,

(1.23)

(1.24)

(1.25)
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1.7 Multiple current source networks

Let us now learn how to reduce a network having multiple current sources and a number
of resistors in parallel. Consider the circuit shown in Fig. 1.24. We have assumed that
the upper node is v(t) volts positive with respect to the lower node. Applying KCL to
upper node yields

~
—
—~
o~
|
~
w
—
~
~
+
~
Ny
~
~—
|
. o~
=)
—~
~
I
~
[\V}
~
+
~
ot
—
~
~—
J—
[\)
D

Figure 1.24 Multiple current source network

where i, (t) = i1(t) — i3(t) + ia(t) — ig(t) is the
algebraic sum of all current sources present
in the multiple source network shown in Fig. +

1.24. As a consequence of equation (1.27), the fo() (f) R1§ Rzgv(z)
network of Fig. 1.24 is effectively reduced to -

that shown in Fig. 1.25. Using Ohm’s law, the
currents on the right side of equation (1.27)

can be expressed in terms of the voltage and Figure 1.25 Equivalent circuit
individual resistance so that KCL equation
reduces to

. 1 1

Zo(t) = {Rl + _R2:| ’U(t)

Thus, we can reduce a multiple current source network into a network having only one
current source.

1.8 Source transformations

Source transformation is a procedure which transforms one source into another while
retaining the terminal characteristics of the original source.

Source transformation is based on the concept of equivalence. An equivalent circuit is
one whose terminal characteristics remain identical to those of the original circuit. The
term equivalence as applied to circuits means an identical effect at the terminals, but not
within the equivalent circuits themselves.
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We are interested in transforming the circuit shown in Fig. 1.26 to a one shown in
Fig. 1.27.

Y =

+0Q =

<
O
<
=
()
N
N
4
=

y y
Figure 1.26 Voltage source connected Figure 1.27 Current source connected
to an external resistance R to an external resistance R

We require both the circuits to have the equivalence or same characteristics between the
terminals =z and y for all values of external resistance R. We will try for equivanlence of
the two circuits between terminals  and y for two limiting values of R namely R = 0
and R = co. When R = 0, we have a short circuit across the terminals z and y. It is

obligatory for the short circuit to be same for each circuit. The short circuit current of
Fig. 1.26 is

US
s = 1.28
"~ R, (1.28)
The short circuit current of Fig. 1.27 is i,. This enforces,
. Vs
= — 1.29
=5 (1.29)

When R = oo, from Fig. 1.26 we have vy, = v, and from Fig. 1.27 we have vy, = i, R).
Thus, for equivalence, we require that

vs = iR, (1.30)

Also from equation (1.29), we require iy = % Therefore, we must have
S

= R,=R, (1.31)

Equations(1.29) and (1.31) must be true simulaneously for both the circuits for the two
sources to be equivalent. We have derived the conditions for equivalence of two circuits
shown in Figs. 1.26 and 1.27 only for two extreme values of R, namely R = 0 and R = oo.
However, the equality relationship holds good for all R as explained below.
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Applying KVL to Fig. 1.26, we get

v =1Rs + v
Dividing by R, gives
Vg - v
S 4
R, R,

4 v
is =1+ —
S Rp
Thus two circuits are equal when
. Us
1g = Fs and Ry = R,

(1.32)

(1.33)

Transformation procedure: If we have embedded within a network, a current source
1 in parallel with a resistor R can be replaced with a voltage source of value v = iR in
series with the resistor R.
The reverse is also true; that is, a voltage source v in series with a resistor R can be

v
replaced with a current source of value ¢ = — in parallel with the resistor R. Parameters

within the circuit are unchanged under these transformation.

EXAMPLE

1.12

A circuit is shown in Fig. 1.28. Find the current ¢ by reducing the circuit to the right of

the terminals  — y to its simplest form using source transformations.

50 . 30Q
—AWWW O A%
L
5V <*> 20Q <+> 3V
v

Figure 1.28
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SOLUTION
The first step in the analysis is to transform 30 ohm resistor in series with a 3 V source

into a current source with a parallel resistance and we get:

5Q

X
MVW—0

QO mE oed @

<0

Reducing the two parallel resistances, we get:

5Q

X
AMVWW—0

20%30
5v C*) 20130 <1 01A
- 120

<0

The parallel resistance of 122 and the current source of 0.1A can be transformed into

a voltage source in series with a 12 ohm resistor.

; 5Q . 12Q

EAAM——AMA—

5V C*) <+> 12x0.1=1.2V

<0

Applying KVL, we get

9t +12t+1.2-5=0
171 =3.8
1 =0.224A

¢
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EXAMPLE RAE
Find current ¢; using source transformation for the circuit shown Fig. 1.29.

4i,
3.3kQ
<>—WwW
il
—_—

Figure 1.29

SOLUTION

Converting 1 mA current source in parallel with 47k resistor and 20 mA current source
in parallel with 10k(2 resistor into equivalent voltage sources, the circuit of Fig. 1.29
becomes the circuit shown in Fig. 1.29(a).

47kQ 4iy 3.3kQ 10kQ

il
—_—

47><103 = n 20><1073
x1x1073 C) () x10x103
47V . —/ =200V

Figure 1.29(a)

Please note that for each voltage source, “4” corresponds to its corresponding current
source’s arrow head.
Using K VL to the above circuit,

A7 + 47 x 10%; — 441 + 13.3 x 10%; +200 =0

Solving, we find that
11 = —4.096 mA

EXAMPLE NP
Use source transformation to convert the circuit in Fig. 1.30 to a single current source in

parallel with a single resistor.
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4Q a' 4Q a
— ANAANAN———AAAA O
© O @ o
— WV 0o
4Q b’ b
Figure 1.30

SOLUTION

The 9V source across the terminals ¢’ and & will force the voltage across these two
terminals to be 9V regardless the value of the other 9V source and 8() resistor to its
left. Hence, these two components may be removed from the terminals, o’ and b without
affecting the circuit condition. Accordingly, the above circuit reduces to,

a' 4Q a
AVAYAYAY, ‘o)

vQ s w3
O
b' b

Converting the voltage source in series with 4€) resistor into an equivalent current
source, we get,

O
a
2A
NOEK: § () § 0
b
0 a
Adding the current sources in parallel and °
reducing the two 4 ohm resistors in parallel,
we get the circuit shown in Fig. 1.30 (a): 5+2.25
=7.25A ‘ 2Q
O
b

Figure 1.30 (a)
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1.8.1 Source Shift

The source transformation is possible only in the case of practical sources. ie Rs # oo
and R, # 0, where Ry and R, are internal resistances of voltage and current sources
respectively. Transformation is not possible for ideal sources and source shifting methods
are used for such cases.

Voltage source shift (E—shift):

Consider a part of the network shown in Fig. 1.31(a) that contains an ideal voltage source.

Figure 1.31(a) Basic network

Since node b is at a potential E with respect to node a, the network can be redrawn
equivalently as in Fig. 1.31(b) or (c) depend on the requirements.

—E@—é—

R4 . R,

a
1 4
R, . )E

b

Ry
Figure 1.31(b) Networks after E-shift Figure 1.31(c) Network after the E-shift

Current source shift (I—shift)

In a similar manner, current sources also can be shifted. This can be explained with an
example. Consider the network shown in Fig. 1.32(a), which contains an ideal current
source between nodes a and c¢. The circuit shown in Figs. 1.32(b) and (c) illustrates the
equivalent circuit after the I - shift.
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Figure 1.32(a) basic network

\ R5
a
I 1 e
| S

b %6 .

Figure 1.32(b) and (c) Networks after I--shift
DVIZI 1.15

Use source shifting and transformation techiniques to find voltage across 212 resistor shown
in Fig. 1.33(a). All resistor values are in ohms.

Figure 1.33(a)
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SOLUTION
The circuit is redrawn by shifting 2A current source and 3V voltage source and further
simplified as shown below.

3V
3
)
VMV + -
1 4
AMA—2 ' MM—(: :)—'
2A +
=
2A 2 14
2V 4 3V
—@—MN» ()
N
3V

Thus the voltage across 22 resistor is

1
V= —3V
Xy Tya1 0
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DGV 1.16
Use source mobility to calculate vy, in the circuits shown in Fig. 1.34 (a) and (b). All

resistor values are in ohms.

b (D sa N, .

>

Figure 1.34(a) Figure 1.34(b)

SOLUTION
(a) The circuit shown in Fig. 1.34(a) is simplified using source mobility technique, as
shown below and the voltage across the nodes a and b is calculated.

3 3
AAAA% VvV
15
VvV
10
b NV a
1A
S
Voltage across a and b is
1
Vb =2V

T3 14101+ 15!
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(b) The circuit shown in Fig. 1.34 (b) is reduced as follows.

PO

S RO
4A@

b
Figure 1.34(d)

S 0 35 (Du(De

Figure 1.34(e)

From Fig. 1.34(e),

1271 x6

211101 +15-1 °

Vie

Applying this result in Fig. 1.34(b), we get

Vab = Vac — Ubc

=60-24=36V

EXAMPLE RN

Use mobility and reduction techniques to solve the node voltages of the network shown

in Fig. 1.35(a). All resistors are in ohms.
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b 8
VWV
2
()
. 10
h AAA'AY

Figure 1.35(a)

SOLUTION

The circuit shown in Fig. 1.35(a) can be reduced by using desired techniques as shown in
Fig. 1.35(b) to 1.35(e).

Figure 1.35(b)

From Fig. 1.35(e)

=22 _9A
T

Using this value of 7 in Fig. 1.35(e),

V,=—-9%x2=-18V
and Vo=V, —2x2-20=-42V
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Figure 1.35(c)

6A
10A
/—D m
_/ -
= _/
AVAYA'AY e 3 a
— 10 * NVVVN—TFANN—
NV 6
15 —ANNVNVN—
o
iy
15A
Figure 1.35(d)
54V 20V

Figure 1.35(e)

From Fig 1.35(a)
Vi=V.+30=—-42430 = -12V
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Then at node b in Fig. 1.35(b),

Vi -V,

2 8 0

Using the value of V; in the above equation and rearranging, we get,

1 1 12
Vi(=+=]=45-—=
b<2+8) 8

- Vi, =69.6 V

At node ¢ of Fig. 1.35(b)
Ve Ve—=Ve

< +45 =0
5+ + 10
1 1 42
S Y
Vc<5+10 g 10
= V.=-164V

S\Vi= 1.18

33

Use source mobility to reduce the network shown in Fig. 1.36(a) and find the value of V.

All resistors are in ohms.

Figure 1.36(a)

SOLUTION
The circuit shown in Fig. 1.36(a) can be reduced as follows and V. is calculated.
Thus

)
VI—%X18—3.6V
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X 15V 15V
3

§ .
O
!

O3,

4 6
AYAVAYAY, AVAYAAY
18
= VN
+ vV -
X 15V S5A

MmO

7
(L3

30V
2
WAYA'AY, AN/
+ V - n V _
X X

10
o R
T -
AVAYAVAY;

5 2
WAA'AY
5 2

15V 10V

1.9 Mesh analysis with independent voltage sources

Before starting the concept of mesh analysis, we want to reiterate that a closed path or
a loop is drawn starting at a node and tracing a path such that we return to the original
node without passing an intermediate node more than once. A mesh is a special case of
a loop. A mesh is a loop that does not contain any other loops within it. The network
shown in Fig. 1.37(a) has four meshes and they are identified as M;, where ¢ = 1,2, 3, 4.
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5 Moo
R, Tt '
—AN\V\VN— 5 :
E H b R My : |
+ \: ! ' N i ! i
v(_)l M, .R3§. AN §R4: !
e | LMy

AVAVAVAY,

R

Figure 1.37(a) A circuit with four meshes. Each mesh is identified by a circuit

The current flowing in a mesh is defined as mesh R R
current. As a matter of convention, the mesh cur- AN ’\/\/i/\/
rents are assumed to flow in a mesh in the clock-
wise direction.

Let us consider the two mesh circuit of Fig. A , .
1.37(b). " g R\ "

We cannot choose the outer loop, v — Ry — Ry —
v as one mesh, since it would contain the loop v —
Ry — R3 — v within it. Let us choose two mesh

currents 41 and 4z as shown in the figure. Figure 1.37(b) A circuit with two meshes

We may employ K VL around each mesh. We will travel around each mesh in the
clockwise direction and sum the voltage rises and drops encountered in that particular
mesh. We will adpot a convention of taking voltage drops to be positive and voltage rises
to be negative . Thus, for the network shown in Fig. 1.37(b) we have

Mesh 1: —v+i1 R + (il — ig)Rg =0 (1.34)
Mesh 2 : Rg(ig — il) + Rois =0 (1.35)

Note that when writing voltage across R3 in mesh 1, the current in Rj3 is taken as
71 — 19. Note that the mesh current 7; is taken as ‘+ve’ since we traverse in clockwise
direction in mesh 1, On the other hand, the voltage across R3 in mesh 2 is written as
R3(i2 —i1). The current iy is taken as +ve since we are traversing in clockwise direction
in this case too.

Solving equations (1.34) and (1.35), we can find the mesh currents ¢; and is.

Once the mesh currents are known, the branch currents are evaluated in terms of
mesh currents and then all the branch voltages are found using Ohms’s law. If we have
N meshes with N mesh currents, we can obtain N independent mesh equations. This set
of N equations are independent, and thus guarantees a solution for the N mesh currents.
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SNV 1.19
For the electrical network shown in Fig. 1.38, determine the loop currents and all branch

currents.
5Q
AYAVAVAY,
@
2Q 4Q
NVVV NVVN—
0.2Q §O.ZQ
+
10V 15V
Figure 1.38
SOLUTION

Applying KVL for the meshes shown in Fig. 1.38, we have

Mesh 1 0.21; +2(I — I3) +3(I1 — I,) =10 =0
= 5.211 — 31, — 213 = 10 (1.36)

Mesh 2 : 3(Ia — 1) +4(Iy — I3) + 0.2, + 15 =0
= — 3L 4+ 7.2I; — I3 = —15 (1.37)

Mesh 3 : 5154 2(Is — 1) + 4(I3 — I) =0
= — 2l — 4L, + 1113 =0 (1.38)

Putting the equations (1.36) through (1.38) in matrix form, we have

52 -3 —2 I 10
-3 7.2 —4 L | =] -15
—2 —4 11 I 0

Using Cramer’s rule, we get

I =0.11A
I, =—2.53A
and I3 =—0.9A
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The various branch currents are now calculated as follows:

Current through 10V battery = I = 0.11A
=1 — I3 =1.01A

Current through 22 resistor

Current through 39 resistor =1 — Io = 2.64A
Current through 42 resistor = I, — I3 = —1.63A

Current through 52 resistor = I3 = —0.9A
Current through 15V battery = I, = —2.53A

The negative sign for Iy and I3 indicates that the actual directions of these currents

are opposite to the assumed directions.

1.10 Mesh analysis with independent current sources

Let us consider an electrical circuit source
having an independent current source as
shown Fig. 1.39(a).

We find that the second mesh current io = —ig
and thus we need only to determine the first
mesh current i1, Applying KVL to the first
mesh, we obtain

(Rl + Rg)il — Roig =w

Since 19 = —ig,
we get (Rl + Rg)il + iRy =w
N i = v — 15
Ry + Ry

As a second example, let us take an electri-
cal circuit in which the current source s is
common to both the meshes. This situation
is shown in Fig. 1.39(b).

By applying KCL at node x, we recognize
that, io — i1 = ig

The two mesh equations (using K'VL) are

Mesh 1 :
Mesh 2 :

Rlz’l—l—vzy—v:()
(R2 + R3)ia — vyy =0

OC)#()0:

R
AAA"AY

y

Figure 1.39(a) Circuit containing both inde-
pendent voltage and current sources

OC)®(+)%

Figure 1.39(b) Circuit containing an independent

current source common to both meshes
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Adding the above two equations, we get
Ryi1 + (Re + R3)is = v
Substituting io = 71 + i, in the above equation, we find that
Ryiy + (Re+ R3)(i1 +is) =
v— (R2 + R3)is
Ry + Ry + R3
In this manner, we can handle independent current sources by recording the relation-

ship between the mesh currents and the current source. The equation relating the mesh
current and the current source is recorded as the constraint equation.

SNV 1.20

Find the voltage V,, in the circuit shown in Fig. 1.40.

= 11 =

4mA
(—2) °
_/ +
@ 2Q 6kQ
4kQ2
I R\ Vo
2mA <‘ @ 4kQ
o
Figure 1.40
SOLUTION
Constraint equations:
L=4x107% A

IL=-2x10"%A

Applying KVL for the mesh 3, we get
4x103[I3 — L] +2x 10°[I3 — ;] + 6 x 10’13 —3 =0
Substituting the values of I; and Is, we obtain
I3 =0.25 mA
Hence, V,=6x10%I3 — 3
=6 x103(0.25 x 10°3) — 3
=-15V
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1.11 Supermesh

A more general technique for mesh analysis method, |
when a current source is common to two meshes, |
involves the concept of a supermesh. A supermesh is 3 E
created from two meshes that have a current source v<7> !
as a common element; the current source is in the X
interior of a supermesh. We thus reduce the number |
of meshes by one for each current source present. :
Figure 1.41 shows a supermesh created from the two

meshes that have a current source in common. Figure 1.41 Circuif with a supermesh
shown by the dashed line

V= 1.21

Find the current i, in the circuit shown in Fig. 1.42(a).

6V

C 1kQ

4mA

1K C
2mA<1> §2k9 g o

Figure 1.42(a)

SOLUTION

This problem is first solved by the techique explained in Section 1.10. Three mesh currents
are specified as shown in Fig. 1.42(b). The mesh currents constrained by the current
sources are

i=2x107% A
is —izg=4x107% A
The KVL equations for meshes 2 and 3 respetively are

2 x 10%ig 4+ 2 x 103(ig — i1) — vgy = 0
6+ 1 x 10%3 + vgy + 1 x 10°(i3 — i1) = 0
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6V 6V

Y, Sl

1

1
8 4mA : @
1kQ :

'\/W\,x@y """""" '

AN ! l
1kQ : 12 2kQ
2mA <1> 1y ZkQ@ §2k§2 2mA<f>@2kQ @ .
i R R :
Figure 1.42(b) Figure 1.42(c)
Adding last two equations, we get
—6+1 x 10%3 + 2 x 10%i5 4+ 2 x 103(iy — i1) + 1 x 10%(i3 —i1) = 0 (1.39)

Substituting i; = 2 x 1073A and i3 = iy — 4 x 1073A in the above equation,
we get

—6+ 1 x 10% [ip — 4 x 107°] +2 x 10%i5 + 2 x 10% [i — 2 x 1077]
+1x10° [iz—4x10°—-2x10%] =0

Solving we get

) 10
19 = ? mA
Thus, io = il — iQ
1
_o 10
3
—4
= — mA
3

The purpose of supermesh approach is to avoid introducing the unknown voltage v .
The supermesh is created by mentally removing the 4 mA current source as shown in
Fig. 1.42(c). Then applying K VL equation around the dotted path, which defines the
supermesh, using the orginal mesh currents as shown in Fig. 1.42(b), we get

—641x 1033 +2 x 103 + 2 x 103(ig — i1) + 1 x 103(i3 —i1) = 0

Note that the supermesh equation is same as equation 1.39 obtained earlier by introduc-
ing vy, the remaining procedure of finding i, is same as before.
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EXAMPLE ¥
For the network shown in Fig. 1.43(a), find the mesh currents iq,i and i3.

30 +
tov C) W) F—AMAA—] v (_
@ § 20 Supermesh 4w

Figure 1.43(a)

SOLUTION E
The 5A current source is in the common !
boundary of two meshes. The supermesh :
is shown as dotted lines in Figs.1.43(b) and L0V <+>E @
1.43(c), the branch having the 5A current g
source is removed from the circuit diagram. !
Then applying K VL around the dotted path, :
which defines the supermesh, using the orig- E

inal mesh currents as shown in Fig. 1.43(c),
we find that

Supermesh

—10 4+ 1(41 —i3) + 3(ig — i3) + 2i2 = 0
Figure 1.43(c)
For mesh 3, we have

1(i3 — il) + 213 + 3(13 - ig) =0
Finally, the constraint equation is
i1—1i2=2>5
Then the above three eqations may be reduced to
Supemesh: 1i1 + Hig — 4ig = 10
Mesh 3 : —1i; — 3is +6i3 =0
current source: 11 —19 =95

Solving the above simultaneous equations, we find that,
1:1 = 75A, ’1:2 = 2.5A, and ’1:3 = 2.5A
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DOV 1.23
Find the mesh currents i1,io and i3 for the network shown in Fig. 1.44.

1Q
ANV
()
2Q2 1Q
ANN—T—ANMA—
() O (D Og o
Figure 1.44

SOLUTION

Here we note that 1A independent current source is in the common boundary of two
meshes. Mesh currents i1, 19 and i3, are marked in the clockwise direction. The supermesh
is shown as dotted lines in Figs. 1.45(a) and 1.45(b). In Fig. 1.45(b), the 1A current
source is removed from the circuit diagram, then applying the K VL around the dotted
path, which defines the supermesh, using original mesh currents as shown in Fig. 1.45(b),
we find that

—2 4 2(iy —i3) + 1(i2 — i3) + 2i2 = 0

1Q 1Q
— AWWW————— — VWWM\—————

2Q 1Q 2Q 1Q

AAAAY NV VVVV AAYAAY
ZVC)s@Q)lA@ém ~ () O O 3w
o ‘ _______________ 1 __ 1| ________________
|
Supermesh Supermesh
Figure 1.45(a) Figure 1.45(b)

For mesh 3, the KVL equation is
2(ig —i1) + lis + 1(ig —i2) =0
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Finally, the constraint equation is
i1 —ig=1

Then the above three equations may be reduced to
Supermesh : 2i1 + 3io — 3iz = 2
Mesh 3 : 211+ 19 —4i3 =0
Current source: i1—ig=1

Solving the above simultaneous equations, we find that
21 = 1.55A,72 = 0.55A, i3 = 0.91A

1.12 Mesh analysis for the circuits involving dependent sources

The persence of one or more dependent sources merely requires each of these source
quantites and the variable on which it depends to be expressed in terms of assigned mesh
currents. That is, to begin with, we treat the dependent source as though it were an
independent source while writing the K VL equations. Then we write the controlling
equation for the dependent source. The following examples illustrate the point.

V= 1.24

(a) Use the mesh current method to solve for i, in the circuit shown in Fig. 1.46.
(b) Find the power delivered by the independent current source.
(c) Find the power delivered by the dependent voltage source.

4009 1kQ
NV NV
2.5mA <1> laT 2 4kQ <_:> 150ia
500Q
NNV
Figure 1.46

SOLUTION
(a) We mark two mesh currents ¢; and iz as shown in Fig. 1.47. We find that ¢ = 2.5mA.
Applying KVL to mesh 2, we find that

2400(i5 — 0.0025) + 15005 — 150(iz — 0.0025) = 0 (- iy = is — 2.5 mA)

= 3750i5 = 6 — 0.375
= 5.625
= is = 1.5 mA

i =12 — 2.5 =—-1.0mA
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(b) Applying KVL to mesh 1, we get 400Q 1kQ

—v +2.5(0.4) — 2.4i, =0 AAAY MANVV

= v, =25(0.4) — 2.4(—1.0) = 3.4V ; T

+
) — -3 A
Pindsource = 3.4 % 2.5 x 10 . AG>U” ; § . <+> 1507,

= 8.5 mW (delivered) - 3 4KO

(C) Pdep.source = 15Ola(l2) 500€2
=150(—1.0 x 1073)(1.5 x 1073 MVVV
= —0.225 mW (absorbed) Figure 1.47

VIR 1.25
Find the total power delivered in the circuit using mesh-current method.

17.5Q
A2

5Q 2.5Q
MV AAA'A"

+
[N
|

7.5Q

osv() oo,

50V

Figure 1.48

SOLUTION
Let us mark three mesh currents i1, i9 and i3 as shown in Fig. 1.49.
KVL equations:

Mesh 1: 17.5i1 + 2.5(iy — i3) 1758
—|—5(i1 — ig) =0
N 25i; — iy — 2.5i3 = 0 i
Mesh 2: =125+ 5(ia — 1) 5Q 2.5Q
+7.5(ip — i3) + 50 = 0 PAAL: MWV
= —511+12.519 —7.5i3 = 75 a 750 02V
Constraint equations: n N T
125V i i <$> Vs
) pu— .2 —
13 =02V 50V
Vo = 5(i2 —i1)

Thus, i3 =0.2 x 5(i2 — il) = ig — il.
Figure 1.49
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Making use of i3 in the mesh equations, we get

Mesh 1: 2501 — big — 2.5(ig —i1) =0
= 27511 — 7.5i5 =0

Mesh 2 : — 5i1 4+ 12.5i9 — 7.5(iy — 1) = 75
= 2.511 + 5ig =75

Solving the above two equations, we get

i1=3.6A,ip =13.2 A
and i3=i2—i1:9.6A

Applying K VL through the path having 50 — 2.5 — v.s — 125V source, we get,
5(ig — 1) +2.5(i3 — 1) + ves — 125 =0
= Ves = 125 — 5(ig — 1) — 2.5(i3 — 1)
=125 —-48 —2.5(9.6 —3.6) =62 V
Pyes = 62(9.6) = 595.2W (absorbed)
Psoy = 50(i2 —i3) = 50(13.2 — 9.6) = 180W (absorbed)
Piosv = 125i5 = 1650W (delivered)

DAV 1.26

Use the mesh-current method to find the power delivered by the dependent voltage source

in the circuit shown in Fig. 1.50.

5Q
AAAAY
660V 15Q
10Q2
A 25Q
20iu i“* 50Q
Figure 1.50

SOLUTION
Applying KVL to the meshes 1, 2 and 3 shown in Fig 1.51, we have
Mesh 1: 5i1 4+ 15(i1 — i3) + 10(i; —i2) — 660 =0
= 3071 — 10¢92 — 15i3 = 660
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Mesh 2 : — 20i, + 10(ig — i1) + 50(iz — i3) = 0
= 10(ig — i1) 4 50(ia — i3) = 20i,
= — 104y + 60iy — 50i3 = 204,
Mesh 3 : 15(ig — i1) + 25i3 + 50(i3 — ig) = 0
= — 154y — 50ig + 90i3 = 0

5Q

MWV
+ .
660V i 15Q
10Q
MW\ @ § 258
i, ‘
20i, <? @ 500

Figure 1.51

Also ia = i2 - i3
Solving, 11 = 42A,13 = 27A,13 = 22A,1, = 5A.
Power delivered by the dependent voltage source = Paq;, = (201, )i
= 2700W (delivered)

1.13 Node voltage anlysis

In the nodal analysis, Kirchhoff’s current law is used to write the equilibrium equations.
A node is defined as a junction of two or more branches. If we define one node of the
network as a reference node (a point of zero potential or ground), the remaining nodes of
the network will have a fixed potential relative to this reference. Equations relating to all
nodes except for the reference node can be written by applying KCL.

Refering to the circuit shown R, | R, 5 Ry
in Fig.1.52, we can arbitrarily VVVV MVVV MVVV

choose any node as the reference
node. However, it is convenient <+> v, §R4 § R <+> v,
to choose the node with most con- - =

nected branches. Hence, node 3 is

chosen as the reference node here.

It is seen from the network of Fig. Figure 1.52 Circuit with three nodes where the
1.52 that there are three nodes. lower node 3 is the reference node
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Hence, number of equations based on KCL will be total number of nodes minus one.
That is, in the present context, we will have only two K CL equations referred to as node
equations. For applying K CL at node 1 and node 2, we assume that all the currents leave
these nodes as shown in Figs. 1.53 and 1.54.

R, ) R, v 1 R, v, R,
AAYAAY AAVAAY AAYAAY AVAVAYAY
Ua il 1 l'2 2 vl i2 2 I3 Ub
- — - —_—
R, y“ ’5‘ Rs
3 -4——— Reference node —» ——3
Figure 1.53 Simplified circuit for Figure 1.54 Simplified circuit for
applying K C'L at node 1 applying K C'L at node 2
Applying KCL at node 1 and 2, we find that
(i) At node 1: i1 +i9+i1=0
- Ul_Ua+U1_U2+U1_0_O
Ry R Ry
1 1 1 1 Vg
N o gy = 2 1.40
1 [R1+R2+R4] np = h (1.40)
(11) At node 2: 19 +13+15=0
V9 — U1 Vg — Uy V2
= — =0
Ry R3 Rs
1 11 1 v
. _ - == 1.41
" [Rz] M [RQ TR T Rg,] Rs (141)
Putting equations (1.40) and (1.41) in matrix form, we get
111 1 ] [ . V. ]
Ry + Ry + Ry Ry Ry
O S R
Rs Rs Rs3 Rs V2 Rs3

The above matrix equation can be solved for node voltages v; and vy using Cramer’s
rule of determinants. Once v and vy are obtainted, then by using Ohm'’s law, we can find
all the branch currents and hence the solution of the network is obtained.
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EXAMPLE WY
Refer the circuit shown in Fig. 1.55. Find the three node voltages v,, v, and v., when all

the conductances are equal to 1S.
G
AAAA%

3A

—
Y AANA—YE—AAAN—F
G, G

w() o

~

2

O%

Figure 1.55
SOLUTION

At node a: (G1 4+ G2 + Gg)v, — Gavy, — Ggv. =9 — 3
At node b:  —Gav, + (G4 + G2 + G3)vp — Gv. = 3
At node ¢:  —Ggvy — Gaup + (G4 + G5 + Gg)ve = 7
Substituting the values of various conductances, we find that
v, —vp — V. =06
—vU, + 3y —v. =3
—Vq—vp +30. =7
Putting the above equations in matrix form, we see that
[
-1 3 -1 v | =1 3
L+ v [ L] L7
Solving the matrix equation using cramer’s rule, we get
vy = 5.5V, v, =4.75V, v, =5.75V

The determinant A used for computing v,, vp and v. in general form is given by
Z G *Ga.b *Gac
a
G = _Gab Z G _Gbc
b
_Gac _Gbc Z G
C

where ) G is the sum of the conductances at node 7, and G;; is the sum of conductances

(2
conecting nodes ¢ and j.
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SV 1.28

Use the node voltage method to find how much power the 2A source extracts from the

circuit shown in Fig. 1.56.

2Q
AAAAY
+
2A <¢> §4Q <_> 55V
3Q
AAYAAY
Figure 1.56
sownon "
Applying KCL at node a, we get
Va | Vg — 9D i
24+ ——5—=0 2A<D ,,(ém
= v, =20V B
Pyasource = 20(2) = 40W (absorbing) 30

Figure 1.57

+> 55V
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VI 1.29
Refer the circuit shown in Fig. 1.58(a).
(a) Use the node voltage method to find the branch currents i; to .

(b) Test your solution for the branch currents by showing the total power dissipated equals
the power developed.

2Q
SAAA

—
ll i4¢
110V 802
3Q .
AN o} S 169

)
il

iS
110V 24Q

2Q
VVVV

-
I3

Figure 1.58(a)

SOLUTION 2Q v,
i AVAYAYAY,
(a) At node vy: —
1
v, — 110 V1 — V2 v1 — U3 iy
2 + 8 + 6 0 110V <+> * 8Q
= 11v; — 2v9 — v3 = 880
3Q l6¢
At node vy |||= AVAVAYAY Uy 16Q
v2—01+@+v2—v320 472 |
8 3 24 m ’5‘
= —3v1 + 1209 — w3 =0 110V C) 24Q
At node vs: 2Q
vz + 110 U3 — U2 U3 — U1 NV "
-0 3
2 T 16 =%

= — 3v1 — 2v9 + 29v3 = —2640
Figure 1.58(b)
Solving the above nodal equations,we get

v1 = T4.64V, vy = 11.79V, v3 = —82.5V

110 —
Hence, 1= Tvl = 17.68A

iy = % — 3.93A
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i3 = ”34_2& —13.75A
ig = 2L ;”2 — 7.86A
is = ”22;@3 — 3.93A
ig = % 1_6”3 — 9.82A

(b) Total power delivered = 110i; + 110i3 = 3457.3W
Total power dissipated = i3 X 2 + 13 X 3+ 43 X 2+ i3 x 8 +i% x 24 + 72 x 16

= 3457.3 W

SNVIi=n 1.30

(a)Use the node voltage method to show that the output volatage v, in the circuit of

Fig 1.59(a) is equal to the average value of the source voltages.
(b) Find v, if v; = 150V, vy = 200V and vz = —50V.

+
R R R R
UO
Uy L) U3 Un

Figure 1.59(a)

SOLUTION
Applying KCL at node a, we get

Vo — VUl  VUp— V2 Uy — VU3 Vo — VUp
R " rR ' rR TR T
= NV, =01 +V2+ -+ U,
Hence, v, = — [v1 +v2 + -+ + vy,

n
1 n
-3
n

k=1

(b) v, == (150 4 200 — 50) = 100V

W

0
é é R R
+ Yo
Uy Uy ) v,
-0

Figure 1.59(b)
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EXAMPLE JRIE)
Use nodal analysis to find v, in the circuit of Fig. 1.60.

© = O

Figure 1.60

Figure 1.61
SOLUTION

Referring Fig 1.61, at node vy:
v+ 6 v, v 3

0
6 3 2
vy v U1
= S+t 4+1="25
6 + 3 + 2
= vy =—-2.5V
V1
= 1
Vo [2 n 1] x
—2.
= —5 x 1
3
= —0.83volts

EXAMPLE IR/

Refer to the network shown in Fig. 1.62. Find the power delivered by 1A current source.
1A

(<)
/

2Q 2Q
AR NMNN—

4Q§ ) §39

Figure 1.62
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SOLUTION KIA\
Referring to Fig. 1.63, applying K VL O
to the path v, — 4Q — 38, we get + g -
Ya =017 03 ) 20 v, 20 .
vg =12V SAA'A% MV 3
vl U] — U9
Atnodevlzz—i— 5 -1=0 4Q§ <+>12V §3Q
U1 vy — 12 __
= — -1=0
4 + 2
v; =9.33 V
Atnodevgzg—l—%_vszl:O )
3 2 Figure 1.63
vy vy — 12
= — 1=0
3 2 *
= v3 = 6V
Hence, v = 9.33 — 6 = 3.33 volts

PiA source = Vq X 1
=3.33 x 1 = 3.33W (delivering)

1.14 Supernode

Inorder to understand the concept of a supernode, let us consider an electrical circuit as
shown in Fig. 1.64.

Applying K VL clockwise to the loop containing R;, voltage source and Ro, we get
Vg = Vs + Up

= vg — vp = vs(Constraint equation) (1.42)
To account for the fact that the source voltage Supernode
is known, we consider both v, and v, as part o T \Ub\\\
of one larger node represented by the dotted 'a ¢ O b}
ellipse as shown in Fig. 1.64. We need a larger N _/ ) 2
node because v, and v, are dependent (see \“;_‘”’
equation 1.42). This larger node is called the R Iy 2 <1> ;
supernode. ! 2 *
Applying KCL at nodes a and b, we get

Va . |
—_—— Za = 0 —
R -
v
and 7, +iq = is Figure 1.64 Circuit with a supernode
2

incorporating v, and vy,
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Adding the above two equations, we find that

v w
R, Ry °
= v, G1 + G = i (143)

Solving equations (1.42) and (1.43), we can find the values of v, and v,.

When we apply KCL at the supernode, mentally imagine that the voltage source vy
is removed from the the circuit of Fig. 1.63, but the voltage at nodes a and b are held at
v, and vy respectively. In other words, by applying KCL at supernode, we obtain

V,G1 +v,Go = g

The equation is the same equation (1.43). As in supermesh, the KCL for supernode
eliminates the problem of dealing with a current through a voltage source.

Procedure for using supernode:

1. Use it when a branch between non-reference nodes is connected by an independent
or a dependent voltage source.

2. Enclose the voltage source and the two connecting nodes inside a dotted ellipse to
form the supernode.

3. Write the constraint equation that defines the voltage relationship between the two
non-reference node as a result of the presence of the voltage source.

4. Write the KCL equation at the supernode.

5. If the voltage source is dependent, then the constraint equation for the dependent
source is also needed.

VIR 1.33
Refer the electrical circuit shown in Fig. 1.65 and find v,,.

O3

Figure 1.65
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_____ Supernode
SOLUTION T T
The constraint equation is 7 RN
Vp — Vg = 8 . U \
= Vp = Vg + 8 " ST T T T T T T T T T " /l
\ /1 125Q 250Q '\ J
The KCL equation at the supernode LAUAR S MWWV VWW——1 v,
is then, +
12V
Vg +8  (vg+8)— 12 L Vo 12 5009 v, S 500Q
500 125 250 -
Va E= =3
+ =0 =
500 ‘
Therefore, Vg = 4V Figure 1.66
EXAMPLE RIRY
Use the nodal analysis to find v, in the network of Fig. 1.67.
1kQ
——— VW
12V
m 1kQ
U AAAA" O
+
§ 1kQ § 1k <?> 2mA Y,
O
Figure 1.67
SOLUTION
1kCQ2
A YA A SE—
TR
, L 1kQ
V=012 @ vz/' NVVV % '}
\\ , +
S:ll;e—rn_o_(ié
1kQ 1kQ 1 2mA - Y,
0

Figure 1.68
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The constraint equation 1is,

=

KCL at supernode:

vy — v = 12

v = vy — 12

vy — 12  (vg —12) — w3 V9 v2 = U3 _
1x 103 1x 103 1x103  1x103
= 4x 10309 — 2 x 10 3v3 = 24 x 1073
= dug — 2u3 = 24
At node vs:
V3 — U2 v3 — (’UQ — 12) -3
i =2x10
1 x 103 1 x 10° %
= —2x10 30 +2x 10 3v3 =—-10x 107>

Solving we get

Hence,

VIR 1.35

—2v9 + 2v3 = —10

U2:7V
U3:2V
v, =v3 =2V

Refer the network shown in Fig. 1.69. Find the current I,,.

12V
3kQ 2kQ

Mé

O

pIe) C‘) 4mA ?kg

SOLUTION

Constriant equation:

Figure 1.69

vy =wv] — 12
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\
Figure 1.70
KCL at supernode:
vl — 12 U1 V1 — V2
=0
3><103+2><103+3><103
1
= g x 10730y — 3 x 10 3vy =4 x 1073
7 1
= 6’1}1 — 51}2 =4
KCL at node 2:
Vg — U] U2 —3
4x107°=0
3x10° T3x108 %
1 -3 2 -3 -3
= —gxlo v1—|—§><10 vg = —4 x 10
1 2
= — v+ g =—4

3 3

Putting the above two nodal equations in matrix form, we get
R
6 3

EElINEN

Solving the above two matrix equations using Cramer’s rule, we get

v, =2V
U1 2

2% 108 2x108 %

= I,

57
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VIR 1.36

Refer the network shown in Fig. 1.71. Find the power delivered by the dependent voltage

source in the network.

;> 75i,

50 10Q
—AM
80V<+> l §509 <> 750
_ l.a N7
15Q
NVVV
Figure 1.71
SOLUTION 5Q v, 10Q
Refer Fig. 1.72, KCL at node 1: "WW—T—WW
_>.
v1 — 80 v U1 + 751, —0 R
5 50 25 80V<+> l 50Q
where i, = 9 T j
“ = 50 a
v1 15Q
01—80+1)1+U1+75<5()>_0 MWW
5 50 25 B =
Solving we get v1 =50V
Figure 1.72
A (%) 50
= =—=—=1A
‘“= 50 " 50
vy — (=75iq)
Al =
5 17 710+ 15)
v+ 751,
(10 + 15)
50 1
_ + 75 X _ A
(10 + 15)
P75i(1, = (751(1)21
=T75x1x5
= 375W (delivered)
NV 1.37

Use the node-voltage method to find the power developed by the 20 V source in the circuit

shown in Fig. 1.73.
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35i,
<>
2Q 1Q 4Q
NV AAA'AY NV
+ Y —
20Q <_> 20V l 40Q 80Q <&> 3.125v,
Iy
Figure 1.73
SOLUTION
___________________ Kftipemode
/// 35i, \;
l// @ ’I
l‘\ v /"Z’Si’— \IEE’ v, 4\9\‘\\ v3///
S FWAW AAA'A% NN
_1 + v, -
J
209§ éC) 20V lbl§ 40Q §809 <} 3.1250,
Figure 1.74
Constraint equations:
Vg = 20 — vy
v1 — 3l = v3
.2
iy = —
"7 10
Node equations:
(i) Supernode:
vy v1—20 wy3—vy wvg
on — 1250, =
20 5 + 1 + 20 + 3.125v, =0
vy v —20 (v —350) —v, (v1— 3bip)
= on 3.125(20 — =0
20" 2 1 g T30 -v)
3522 3522
_ | (n=35) - (m-3g)
- LTy 0 + g 407 4 3.195(20 — v,) =0

20 2
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(ii) At node vo:
vy wvy—wv3  ve—20

40 4 1 0
vy vy — (vr —35@) vy —20
= 10 1 Y
V2
vy — <U1 - 357) —20
v 40/ | v2 _
= 107" 1 T 0

Solving the above two nodal equations, we get

v1 = —20.25V, vy = 10V
Then v3 = U1 — 35ib

— . _ar?2
= 3540
— _29V
20 — 20 —
Also, iy = 02”1+ 01”2
20 +20.25 (20 — 10)
= n
2 1
—30.125 A

Paoy = 20i, = 20(30.125)
=602.5 W (delivered)

SNVIi=y 1.38

Refer the circuit shown in Fig. 1.75(a). Determine the current ;.

0.5i, .
<> A
v C) <+> 2A C) 4V
4Q g
AYAYAYAY,

Figure 1.75(a)
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SOLUTION

Constraint equation:
Applying K VL clockwise to the loop containing 3V source, dependent voltage source,
2A current source and 4 resitor, we get

—v1 —3—0.511 +v9=0
= v1 —vg = —3 — 0.541

v —
Substituting i; = 2 , the above equation becomes

41)1 — 31)2 = -8

Supernode

® O~

Figure 1.75(b)

KCL equation at supernode:

vy vy —4

4+2

=-2 = wvi+205=0

Solving the constraint equation and the KCL equation at supernode simultaneously,
we find that,

v = 727.3 mV
v1 = —2v9
= —1454.6 mV
Then, 1= 2 2_ 1

= —-1.636A
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EXAMPLE RESY%

Refer the network shown in Fig. 1.76(a). Find the node voltages vy and wv,.

a

Figure 1.76(a)

SOLUTION

From the network, shown in Fig. 1.76 (b), by inspection,u, = 8 V, i; =

Constraint equation: v, = 611 + vy
Vg — Uc

Vg — Up Uq
2 * 2

1

KCL at supernode:

1 1

2 2

2 2

= v,

= Vg, [+] —*’Ub‘f‘*[vd_vc]:gvc

Figure 1.76(b)

Supernode

2

(1.44)
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Substituting v, = 8 V in the constrained equation, we get

v — G@bgvd v
= 3(vp — ve) + vg
— 3(8 — v,) + vy (1.45)
Substituting equation (1.45) into equation (1.44), we get
1 1
[3(8 — ve) 4+ vgq] — 5(8) + 3 [vg — ve] = 3u,
1 1
= 24—3vc+vd—4+§vd—§vc:3vc
= — 6.50, + 1.50g = —20 (1.46)
KCL at node c: Uc;Ub+UC;Ud:4
_ 8 -
Substituting v, = 8V, we have Ve 5 + L 5 d
= Ve — 84+ v, —vyg =28
= 20, —vg =16
= v, — 0.5v5 = 8 (1.47)
Solving equations (1.46) and (1.47), we get
ve = —1.14V
vy = —18.3V

DGV 1.40
For the circuit shown in Fig. 1.77(a), determine all the node voltages.

10Q
VVV

«O 3 O

(D) -4
. =

o Ea

Figure 1.77(0)
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SOLUTION

Refer Fig 1.77(b), by inspection, vy = 5V Supernode

Nodes 1 and 3 form a supernode. l

Constraint equation: A
T 0,

v — U3 = 6 :I/ v, ‘\'\/\M v,
KCL at super node: | 6VC> ‘: 4Q <+> 5V
e Sl P y 12
10 1 N TR 1
\ T\ — 4 —_—
oy AN Yy U Yy =
Substituting vs = 5V, we get ~_ |-
v-5 v, 1Q § 2Q
10 1
= v — 5+ 10vwg = =20
= U1 + 10’03 = —15 J_—

Figure 1.77(b)

Solving the constraint and the KCL equations at supernode simultaneously, we get

v =4.091V
vy = —1.909V

KCL at node 4 :

Vy U4 — Vg

— -2=0
2 + 4
Substituting vo = 5V, we get
Vg U4 — D
— -2=0
2 4
Solving we get, vy = 4.333V.

1.15 Brief review of impedance and admittance

Let us consider a general circuit with two accessible terminals, as shown in Fig. 1.78. If

the time domain voltage and current at the terminals are given by |
—

. +0 Phasor
v = o Sin(wt + ¢y) v Circuit

. . . - O0—
i = iy, sin(wt + ¢;)

Figure 1.78 General phasor

then the phasor quantities at the terminals are
circuit
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V:va@
I:Im@

We define the ratio of V to I as the impedence of the circuit, which is denoted as Z.

That is,
Vv
Z=—
I

It is very important to note that impedance Z is a complex quantity, being the ratio
of two complex quantities, but it is not a phasor. That is, it has no corresponding
sinusoidal time-domain function, as current and voltage phasors do. Impedence is a
complex constant that scales one phasor to produce another.

The impedence Z is written in rectangular form as

Z=R+iX

where R = Real[Z] is the resistance and X = Im[Z] is the reactance. Both R and X, like

Z, are measured in ohms.

The magnitude of Z is written as |Z| = v R? + X2
X
and the angle of Z is denoted as ¢ = tan~! {R] .

The relationships are shown graphically in Fig. 1.79.
The table below gives the various forms of Z for
different combinations of R, L and C.

1Z|

0z
R

Figure 1.79 Graphical representation
of impedance

Type of the circuit Impedance Z

1. Purely resistive Z=R
2. Purely inductive Z = juwl =35Xy,
3. Purely capactive v/ - —jXc ‘
wC
4. RL Z=R+juwlL=R+jXy
5. RC Z-R--L —R-jx¢
wC
6. RLC Z:R+ij—%:R+j(XL—XC)
w

The reciprocal of impendance is denoted by

1
Y = =
V4
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is called admittance and is analogous to conductance in resistive circuits. Evidently, since
Z is a complex number, so is Y. The standard representation of admittance is

Y=G+jB

The quantities G = Re[Y] and B = Im[Y] are respectively called conductance and sus-
pectence. The units of Y, G and B are all siemens.

1.16 Kirchhoff’s Laws: Applied to alternating circuits

If a complex excitation, say v,,e? (@9 is applied to a circuit, then complex voltages, such
as v1ed @) 40ed(@H02) and so on, appear across the elements in the circuit. Kirchhoff’s
voltage law applied around a typical loop results in an equation such as

J(wt+01) J(wt+02) i(wt+0N)

V] € + v e + ...+ vye =0
Dividing by e/, we get
vlejel —|—vgej02 + ... —i—vNejoN =0
= Vi+Vo+...+4Vy=0
where vV, =V, /0, ,i=1,2,---N

are the phasor voltage around the loop.
Thus K VL holds good for phasors also. A similar approach will establish K CL also.
At any node having N connected branches,

L+L+--+Iy=0
where 11211&,221,2]\]

Thus, KCL holds good for phasors also.

VIS 1.41
Determine Vi and Vs, the node voltage phasors using nodal technique for the circuit

shown in Fig. 1.80.

1
7H
1o — 000
2 ) v,
A IF
4
I\

* L
SCos2tV<_ 7 H 1Q * 5cos2t A

_/
\|
/1
o~
o]

Figure 1.80
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SOLUTION
First step in the analysis is to convert the circuit of Fig. 1.80 into its phasor version

(frequency domain representation).

5cos2t = 5/0° ,w=2rad/s

1 1
1 —j . —J 1
S = _ a0 IF = it
2 T Lo T R = Lo 73
710
lo V00
2 v, ilo v,
— AAMA >
v
I\

5&’VC> e e ?sz CDs@A

Figure 1.80(a)

= 1o z
M
— AAMMA—
19

5/0°V <+> L 10 z, H 1429 C* S/0°A
— 5

Figure 1.80(b)

Fig. 1.80(a) and (b) are the two versions of the phasor circuit of Fig. 1.80.
) 1
Z, = j1Q] <—329>

1 (-53)
Jl| =5
~ N2 o

i
J ]2
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1

_ <‘7;>(1) _ 1442

KCL at node Vi:

Vi ViV,
2(Vi—5/0° =
(Vi=5/0°)+ —7 +——7— =0

= (2+52)V1 - j1Va =10

KCL at node Va:
Vo, -V, Vo

—j1 T 1452 =520
5
= jVo —jV1 4+ Vo —-2jVy=5
= - j1V1+(1 — jl)Vg =5

Putting the above equations in a matrix form, we get
24352 —j1 Vi 10
-1 1-j1 AP 5
Solving V1 and V3 by Cramer’s rule, we get

Vi=2-41V
Vy=2+444V

In polar form,

Vi=+v5/-26.6° V
Vy =2v5/63.4° V

In time domain,

v1 = V5 cos(2t —26.6°) V
vy = 2v/5cos(2t + 63.4°) V
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EXAMPLE [
Find the source voltage V shown in Fig. 1.81 using nodal technique. Take I = 3 /45° A.

10Q 50 729 *fzs
AN~ T
NV 1€
8Q
v, <+> == J5Q Il 4Q
j5Q
Figure 1.81

SOLUTION
Refer to Fig. 1.81(a).
KCL at node 1:

Vi-V, V V-V
1 IS 1 2 _ )

10 —j5 + 5+ 52
= (11 + j12)Vy — (5 + j2)V, = 10V, (1.48)
10Q 542Q 20
\ 8 J \D) 1/
NV . 1 > 1€
Vs C) =59 [l 4Q 8+/5Q
Figure 1.81(a)
KCL at node 2:
Vs — Yl I V2. _0
5+ 52 8+ 73
= (8 +j3)V1 = (13 + j5)Va + (34 + j31)T (1.49)
Also, Vi =4I = 4(3 45° ) = 12 /45°

=6v2 + j6v/2 (1.50)
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Substituting equations (1.48) and (1.50) in equation (1.49), we get

(8 + j3) V1 = T4.24 + j290.62
300 /75.7°
v, = SV L0-C
- 1= §54/20.6°
351 /55.1°
—20.1 + j28.8 V

Substituting Vi and Vg in equation (1.48) yields

(5+72)V,=—-209.4 + j473.1

17.4 /113.9°
V= M =96.1/92.1° V

Theref
Cretore, 5.38 /21.8°

EXAMPLE IR

Find the voltage v(t) in the network shown in Fig. 1.82 using nodal technique.

<f> i =2i,

2 I 2

[4

OO0 1€
4= +

\2cos(401+135°) l;:jz 2 -2 Zwv®)
volts . _
ZX
Figure 1.82

SOLUTION

Converting the circuit diagram shown in Fig. 1.82 into a phasor circuit diagram, we get

V2,/435°=~1+) C)

volts

<1> 121

Figure 1.83
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At node Vi
Vi—(=1+j Vv Vi-V
1 ( + ) _'_71_’_ 1 . 2_0
72 2 —j2
= Vi—jVo=1+j (1.51)
Vy—V Vv
At nodeVy : 2 - 1+ ?—IC:O
—j2 —j2
2(—1+ 74
Also 1622112(7—{_‘7):_1_]
Hence, V2_.V1 + V.2 =-1-J
—j2 —Jj2
= — V1 +j2Vyg=-2— 42 (1.52)

Solving equations (1.51) and (1.52) using Cramer’s rule we get

Vo =v2/135° V
Therefore, v(t) = va(t) = V2 cos(4t 4+ 135°) V

DNVISN 1.44
Refer to the circuit of Fig. 1.84. Using nodal technique, find the current q.

5000 3000
<>
—"\VWW\ P
i
2kQ
ek :
40550007 VC) 2kQ - —pE S
N
Figure 1.84
SOLUTION
1 . 1 1 .
Reactance of 3 uF capacitor = - o= T = —j1kQ
Jw j5000 % = x 10~6
The parallel combinations of 2k{2 and —j1k{2 is
2 x 103(—510%) 2
_ 200 2 g

P 2% 103 —4103 5
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L= 30001 " ~.-—— Supernode
009 N V=V, 430000
AYA A% N ‘
[ AN et
I ~ <

4/0°V C) H %(1—12)1@ H Q251)kQ

Figure 1.85

The phasor circuit of Fig. 1.84 is as shown in Fig. 1.85.
Constraint equation :

Vo =V + 30001
KCL at supernode :

Vi —4/0° A\Y Vv
1500L+2 1 e T
g(1—j2)><103 (2 —41)
Substituting Vo = V1 + 3000I in the above equation, we get
Vl—éL&+ Vi Vi +3000T
2 — 3
Also,
4/0° —V;
I=—7——— 1.53
500 ( )
Hence,
4-V,
Y
Vi 4200 v, N 1+3000< 500 ) 0
i 3

Solving for V; and substituting the same in equation (1.53), we get I = 24 /53.1° mA
Hence, in time-domain, we have

i = 24 cos(5000t + 53.1°)mA



Circuit Concepts and Network Simplification Techniques | 73

SV 1.45
Use nodal analysis to find V,, in the circuit shown in Fig. 1.86.

12/0°V

-+

N

:
:

J2€Q 2Q —j4Q \Y%

o

Figure 1.86
SOLUTION

The voltage source and its two connecting nodes form the supernode as shown in
Fig. 1.87.

— —

-7 12/0°V N

- ~N
, m ~wt— Supernode

Figure 1.87
Constraint equation:
Applying K VL clockwise to the loop formed by 12 /0° source, 729 and —;4€) we get
—-12/0° +V,-V1=0
= Vi=V, - 12'@
KCL at supernode:

A% V-V V,-V V,
SR S! 2, 2 o _
72 1 1 —j4

0
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Substituting Vi = V, — 12 in the above equation

we get, %J(VO— 12) + (V, — 12—V2)+V0—V2+iVO:0

= Vo<_2]+1+1+i)+V2(—1—1)—12—j6
1, .
= V0<2—4]>—2V2:12—]6

Vo—-Vi Vy V-V,

KCL Vs . =
CL at 2 1 + 9 + 1 0
Substituting Vi =V, — 12 /0° in the above equation
1
we get, Vg—(VO—12ﬁ)+§V2+V2—VO:O
5
= —2V0+§V2:—12@

Solving the two nodal equations,we get

V, =11.056 —358.09 = 13.7 /—36.2° V

SNV 1.46

Find ¢; in the circuit of Fig. 1.88 using nodal analysis.

10Q JAQ
— 0000

+ i E . ;
200054tV<> o~ 72.5Q <1> 2i, J2Q

Figure 1.88

SOLUTION

The phasor equivalent circuit is as shown in Fig. 1.88(a).
KCL at node Vi:

Vi-20/0° Vi Vi-Vy

=0
10 25t T
= (1+j1.5)Vy 4 j2.5Vy =20
KCL at node Va:
Vo —
VaeVi Ve
J4 J2
Vv
But I, = 1

—j25
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< 2.5Q <1 2L Jj2Q

O
20/0°V (

Figure 1.88(a)

Vy -V, N Vy 2V,
j4 j2  —j2.5
= — j0.55V1 — j0.75Vy =0

Hence,

Multiplying throughout by j20, we get
11V, 4+ 15V =0

Putting the two nodal equations in matrix form, we get

[1+j1.5 j2.5-| {Vl]_ {20]

A RN

Solving the matrix equation, we get

V;=18.97/18.43° V
Vy,=13.91/-161.56" V

Y%
The current I, = ,215 = 7.59 /108.4° A
_] .

Transforming this to the time-domain, we get

i1 = 7.59 cos(4t + 108.4°)A

Gy 1.47
Use the node-voltage method to find the steady-state expression for v,(t) in the circuit
shown in Fig. 1.89 if

vg1 = 10 cos(5000t 4 53.13°)V
Vg2 = 8sin 5000t V
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“Q Ee O

Figure 1.89

SOLUTION
The first step is to convert the circuit of Fig. 1.89 into a phasor circuit.

10 cos(5000¢ + 53.13°)V, w = 5000rad/sec = 10/53.13° =6+ j8V
8 sin 5000t = 8 cos(5000t — 90°)V = 8/=90° = —j8V
L=04mH = jwL = 529
1
C=50puF = —— = —j4Q
jwC

The phasor circuit is shown in 20 | e
Fig. 1.89(a). — 00 “

KCL at node 1:
V,—(6+348) V,
6

+
: + 2 =
J2 Vg10453.13°<+> Vo> 69 C) Ve =78V
1 _

V,—(—j =6+j
n ( 78) _0 6+/8V
—j4

Solving we get V,=12/0°V

Figure 1.89(a)
Hence, the steady-state expression is

vo(t) = 12 cos 5000t

EXAMPLE [IRAE]
Solve the example (1.47) using mesh-current method.

SOLUTION
Refer Fig. 1.90.

KVL to mesh 1: [6 + j2]I; — 612 = 10 /53.13°
KVL to mesh 2 : —6I; + (6 — j4)I =8 /—90°
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J2Q —j4Q
— YT I
[
+
V, =64/8=10/53.13°V C) I V0§ 69@ C) V, = 8=8/90°V
Figure 1.90

Putting the above equations in matrix form, we get

[6+j2 —6 ][Il]_ 10 /53.13°
i ]

[ o o]

Solving for I1 and I, we get

I1=4+43
Io=2+443
NOW, Vo = (Il — 12)6 =12
=12/0° V
Hence in time domain, v, = 12 cos 5000t Volts

EXAMPLE RIS
Determine the current I, in the circuit of Fig. 1.91 using mesh analysis.

4Q
NV
i h,
5/0°A ~ 29
(*) 20/90°V
8Q = 2Q

Figure 1.91

SOLUTION
Refer Fig 1.92
KVL for mesh 1 :
(84710 — j2)I; — (—j2)Is — j10I3 =0
= (8 + 78)I; + j2I» = 51015 (1.54)
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KVL for mesh 2 :
(4—72-72)I — (—j2)Ih — (—j2)I3 +20/90° =0

= J2I + (4 — j4)Iy + 5213 = —520 (1.55)
For mesh 3, Is;=5 (1.56)
Sustituting the value of Is in the equations (1.54) and (1.55), we get

4Q
(8 + 7811 + j2I3 = 550 AN
j2L; + (4 — j4)T, = —520 — 510 . flo
s )
— 30 5/0°A 1 gl

j10Q "

Putting the above equations in matrix V00 @ (_) 20/90°V
form,we get

89§ @ =29
848 2 I 50

2 4—jga| |1, —430

Figure 1.92

Using Cramer’s rule,we get

I, =6.12/-35.22° A

The required current: I,=-1,

=6.12/144.78° A

SNV 1.50
Find V,. using mesh technique.

2V

600L2 a

Va /\
AAA'A% s 3 o
N N

9/0°v <+> 00 § 002y,
O
Figure 1.93

SOLUTION
Applying KVL clockwise for mesh 1 :
600I; — 7300(I; —Is) —9=0
= (600 — 7300)I; + 7300Iy =9
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2V
60022 a
Vo AN
9/0°V <+> @ -~ @§ 3002 Vo
— /3000
Figure 1.94
Applying KVL clockwise for mesh 2 :
—2V, + 30013 — 7300(I — I;) =0
Also, Vo = —3300(I; — I
Hence, —2(=7300(I; — Iy)) + 300Iy — 5300 (Is — I;) =0
= 73+ (1—-343)I, =0

Putting the above two mesh equations in matrix form, we get

[ 600 — j300 300 ] [ I, ] 9
I 1—j3H12J: 0
Using Cramer’s rule, we find that

I, =0.0124 /—16° A
Hence, Voe =300I2 = 3.72 /—16° V

VI 1.51
Find the steady current i; when the source voltage is v, = 10y/2cos(wt + 45°) V and

the current source is is = 3 coswt A for the circuit of Fig. 1.95. The circuit provides the
impedence in ohms for each element at the specified w.

7,=2Q 7,=2Q

T e, e, I ey

OC) )=

Figure 1.95
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SOLUTION
Z1=j29 Z2=2Q

1 ]

— —
S L Supermesh
! 1=3/0° A |
I

+\, | I | '
vtz /45°vi )i\ ? Al e
! |
| I
| I
Figure 1.96

The first step is to convert the circuit of Fig. 1.95 into a phasor circuit. The phasor
circuit is shown in Fig. 1.96.

vy = 10V2cos(wt +45°) = V,=10v/2/45° =10(1 +j)
1 = 3coswt = I, =3/0°

Supermesh

S IONON =

Figure 1.96(a)

Constraint equation:
IL,-I, =1,=3/0°
Applying KVL clockwise around the supermesh we get

1,7, + 12(Z2 + Z3) —V,=0

Substituting I, =1 +1, (from the constraint equation)
we get, LZy + (Is + 1) (Z2 + Z3) = V,
= (Z1 +7Zo + Zg)Il =V, - (ZQ + Zg)IS
N I — VS—(Z2+Z3)IS B (10—|—j10)—(2—j2)3
! 7+ 7o+ Zg 2

=248 =28.25/76° A
Hence in time domain,

i1 = 8.25 cos(wt 4 76°) A
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SONVINN 1.52
Find the steady-state sinusoidal current i; for the circuit of Fig. 1.97, when v, = 104/2 cos
(100t + 45°) V.

3,
AM <>

v, C> @ 30mH @ == SmF

Figure 1.97

OIS

SOLUTION

The first step is to convert the circuit of Fig. 1.97 int to a phasor circuit. The phasor
circuit is shown in Fig. 1.98.

vs = 10v/2 cos(100¢ + 45°)

= V,=10v/2/45° ,  w =100 rad/sec
L=30mH = X =jwlL
= 4100 x 30 x 1073 = j3Q
1
m = C jwC
1

T 100 x 5 x 103

= —52Q
KVL for mesh 1:
(34 73)I; — j3I, = 10 + 510

KVL for mesh 2 :
(B3=33)L +(j3-42)I =0

Putting the above two mesh equations in matrix form, we get

3+43 —j3 I 10 4 510
3-43 41 I, 0
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Using Cramer’s rule,we get

I, =1.05/71.6° A

Thus the steady state time re-
sponse is, V. =102 £45°

=10+/10V
i1 = 1.05 cos(100t + 71.6°)A

31,
3Q

MN—— >

OC) g()

A

Figure 1.98
SNV 1.53
Determine V,, using mesh analysis.
21,
<>
1kQ 1kQ
NVVV AVAYAYAY O+

§ Ak Y,

Figure 1.99
SOLUTION

O,

21,
<>
Il
1kQ 1kQ
AAA'A AAAA%

@ () (e

O+

Figure 1.100
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From Fig. 1.100, we find by inspection that,

I, = 2L, = 2(I, — I))
12 =4 mA

Applying KVL clockwise to mesh 3, we get
1x103(I3 — 1) +1x 10313 —I;) + 2 x 10°I3 = 0

Substituting I = 2(Iy — I3) and Iy = 4 mA in the above equation and solving for I3,

we get, Is =2 mA
Then, V, =2 x 10°I;
=4V

DGV 1.54
Find V, in the network shown in Fig. 1.101 using mesh analysis.

2Q ijIS;
2Q
+
12/0°V (_) + <¢ 2/0°A
4Q Vo
Figure 1.101
SOLUTION
0 —51Q

—\WW— €
29
=0 () L=
4Q v,

Figure 1.102
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By inspection, we find that Iy =2 /0° A.
Applying KVL clockwise to mesh 1, we get

—124+5L(2—-j1)+ (1 —I)(4+52)=0
Substituting Iy = 2 /0° in the above equation yields,
—124I1;(2—j144+52)—2(4+352)=0
20 + j4 o
=T ]?1 =3.35/1.85° A
Hence Vo=4(I - Ib)
=542 /4.57° V

= I

Wye = Delta transformation

For reducing a complex network to a single impedance between any two terminals, the
reduction formulas for impedances in series and parallel are used. However, for certain
configurations of network, we cannot reduce the interconnected impedances to a single
equivalent impedance between any two terminals by using series and parallel impedance
reduction techniques. That is the reason for this topic.

Consider the networks shown in Fig. 1.103 and 1.104.

Figure 1.103 Delta resistance network Figure 1.104 Wye resistance network

It may be noted that resistors in Fig. 1.103 form a A (delta), and resistors in Fig.
1.104. form a T (Wye). If both these configurations are connected at only the three
terminals a, b and ¢, it would be very advantageous if an equivalence is established be-
tween them. It is possible to relate the resistances of one network to those of the other
such that their terminal characteristics are the same. The relationship between the two
configurations is called T — A transformation.

We are interested in the relationship between the resistances R, Ro and R3 and the
resitances R,, R, and R.. For deriving the relationship, we assume that for the two
networks to be equivalent at each corresponding pair of terminals, it is necessary that
the resistance at the corresponding terminals be equal. That is, for example, resistance
at terminals b and ¢ with a open-circuited must be same for both networks. Hence, by
equating the resistances for each corresponding set of terminals, we get the following set
of equations :
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(i) Rab(T) = Rab(A)
Ra(Ry + R3)
= R,+Ry=—"—7—"""> 1.57
"T Ryt Ri+ Ry (157)
(i) Rye(Y) = Rpe(A)
R3(R1 + R2)
bt R34+ R+ Ro ( )
(iii) Rea(T) = Rea(A)
Ri(R2 + R3)
= Ra+Ry=——7F7"7—- 1.59
+ Ri + Ry + R3 ( )
Solving equations (1.57), (1.58) and (1.59) gives
Ri1Ry
Ry=——7+—— 1.60
Ry + Ry + R3 (1.60)
RoR3
Ry=——""7"—"— 1.61
*" Ri+ Ry + Rs (161
RiR
1 (1.62)

" Ri+ Rt Rs

Hence, each resistor in the T network is the product of the resistors in the two adjacent
A branches, divided by the sum of the three A resistors.
To obtain the conversion formulas for transforming a wye network to an equivalent
delta network, we note from equations (1.60) to (1.62) that
R1R2R3(R1 + Ry + Rg) Ri1RoR3

R.Ry + RyR, + R.R, = - 1.63
b (R, + Ry + R3)? Ry + Ry + Ry (1.63)

Dividing equation (1.63) by each of the equations (1.60) to (1.62) leads to the following
relationships :

RuRy + RyRe + RoRe
Ry = Jatlo T Fplic + (1.64)
Ry
RuRy + RyRe + RoRe
&:’b+; + (1.65)
RuRy + RyRe + RoRe
&:'b+§ + (1.66)

Hence each resistor in the A network is the sum of all possible products of T resistors
taken two at a time, divided by the opposite T resistor.
Then T and A are said to be balanced when

R1:R2 :Rg :RA and Ra:Rb:RCZRT
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Under these conditions the conversions formula become

1
Ry==R
T 3 A
and RBa =3Ry

AWV 1.55
Find the value of resistance between the terminals a — b of the network shown in
Fig. 1.105.

4kQ
a AYAVA'AY
6kQ 18k€2
12k€2
12kQ 12k€2
2kQ
b AVAYAVAY,
Figure 1.105
SOLUTION l\;{l;g\/\, a,
a
Let us convert the upper A to T kO 18KQ
(6k)(18k) 12k€2

Ry = ——"——-2—=3kO b

17 Gk + 12k + 18Kk ! AN “
Ry, = M =2 kO 2kQ 12kQ

' 6k + 12k + 18k 5 AVAYAVAY, ’

12k)(18k 1
R., = —( )(18k) =6 kQ
6k + 12k + 18k Figure 1.106
al al
=
Ra
R,=6k R=18k

by MMV <

The network shown in Fig. 1.106 is now reduced to that shown in Fig. 1.106(a)
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Hence, Ry, =4+3+7875+2
= 16.875k2

4kQ

4kQ

= 3kQ+7.875kQ §

14kQ[18kQ
2%Q p o 2kQ

Figure 1.106(a)

DGV 1.56
Find the resistance Ry, using T — A transformation.

5Q
aO—AAN
6Q 18Q
6Q
AAAAY
6Q 18Q2
6Q
Xe AR
Figure 1.107

SOLUTION

Figure 1.108
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Let us convert the upper A between the points a1, b1 and ¢; into an equivalent Y.

6 x 18

R, = ————
T 641846
6x6

nNT 6 1184+6

6 x 18
= —— = 3.6
6+18+6

= 3.6

1.2Q

R,

Figure 1.108 now becomes

27.69Q

Ray =5+ 3.6+ 7.2|27.6
7.2 x 27.6

=86+ 5076
—14.31Q

SNV 1.57

Obtain the equvivalent resistance R, for the circuit of Fig. 1.109 and hence find 3.

i
—- (]
O
A4

12.5Q

a
% 1092
120VC> c '\/5\52V\, n § 30Q
% 20Q2
b

15Q

[SXe]

Figure 1.109
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SOLUTION
Let us convert T between the terminals a, b and ¢ into an equivalent A.

Ra,Rh + RbRc + RcRa
Rab =
R, a
10x20+20x5+5 %10
_ X =+ 5)( + o X — 700
R.Ry + RyRe + R.R, ?0“&
Rbc = R
a SQ=RC
—AV—
:10X20+225<5+5X10:35Q c n
R.Ry + RyR. + R.R, §ZOQ=R
Rca = b
Ry
1 2 2 1
_10x20+ (;0><5+5>< 0:17.5(2 ,

The circuit diagram of Fig. 1.109 now becomes the circuit diagram shown in Fig.
1.109(a). Combining three pairs of resistors in parallel, we obtain the circuit diagram of
Fig. 1.109(b).

a a
12.5Q
" 17.5Q
120\’(_) c %709 % 30Q
15Q
35Q
A b
Figure 1.109(a)
70 x 30
70(130 = =210
l 70 + 30 a0
12.5 x 17.5
12.5|[17.5 = ———— = 7.2920) 7.292Q
I 1254+ 17.5 §
15 x 35 21Q
1 = = 10.5Q
/(35 15+ 35 0-5 10.5Q
Rap = (7.292 + 10.5)[|21 = 9.63292 bo

. US _
Thus, = R 12.458 A Figure 1.109(b)
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Nodal versus mesh analysis

The analysis of a complex circuit can usually be accomplished by either the node voltage
or mesh current method. One may ask : Given a network to be analyzed, how do we
know which method is better or more efficient? The choice is dictated by two factors.

When a circuit contains only voltage sources, it is probably easier to use the mesh
current method. Conversely, when the circuit contains only current sources, it will be
easier to use the node voltage method. Also, a circuit with fewer nodes than meshes
is better analyzed using nodal analysis, while a circuit with fewer meshes than nodes is
better analyzed using mesh analysis. In other words, the best technique is one which gives
smaller number of equations.

Another point to consider while choosing between the two methods is, what informa-
tion is required. If node voltages are required, it may be advantageous to apply nodal
analysis. On the other hand, if you need to know several currents, it may be wise to
proceed directly with mesh current analysis.

It is often advantageous if we know both the techniques. The first advantage lies in
the fact that the second method can verify the results of the first method. Also, both the
methods have limitations. For example, while analysing a transistor circuit, only mesh
method is suited and while analysing an Op-amp circuit, nodal method is only applicable.
Mesh technique is applicable for planar’ networks. However, nodal method suits to both
planar and nonplanar ? networks.

Reinforcement Problems

1]

Find the power dissipated in the 80¢) resistor using mesh analysis.

2Q
VWV

230V se

4Q
AR 300

260V 160

2Q
AAAAY

Figure R.P.1.1

! A planar network can be drawn on a plane without branches crossing each other.
2A nonplanar network is one in which crossover is identified and cannot be eliminated by redrawing
the branches.
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SOLUTION
KVL clockwise to mesh 1 :

1417 — 41, — 813 = 230

230V 8Q2
KVL clockwise to mesh 2 : @ §
3 80Q2
16Q2

260V
KVL clockwise to mesh 3 :

—41Iy 4+ 2215 — 1613 = 260 é}

2 )z

—811 — 1612 + 10413 =0

Putting the above mesh equations in matrix form, we get
14 -4 -8 { L ] [ 230 ]
-4 22 -16 I, | =] 260

-8 —-16 104 I3

o

The current I3 is found from the above matrix equation by using Cramer’s rule.

I3 =5A
Thus, Pyo = I2Rgp = 5% x 80 = 2000W (dissipated)

R.P 1.2
Refer the circuit shown in Fig. R.P. 1.2. The current i, = 4A. Find the power dissipated
in the 70 € resistor.

180\/'Cr

Figure R.P.1.2

SOLUTION
By inspection, we find that the mesh current i3 = i, = 4A
KVL clockwise to mesh 1 : 7511 — 70i9 — Hi3 = 180
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Substituting i3 = 4A, we get  75i; — 70i, = 200

KVL clockwise to mesh 2 :  —70i1 + 88iy — 10i3 =0
Substituting the value i3 = 4A, we get  —70i; + 88iy = 40
Puting the two mesh equations in matrix from, we get

7 =70 iv | | 200
—-70 88 io | | 40
Using Cramer’s rule, we get
i1 =12A,io = 10A

P7[) = (il - i2)270 =4x70
=280 W (dissipated)

R.P 1.3

Solve for current I in the circuit of Fig. R.P. 1.3 using nodal analysis.

5/ 0°A

2Q J19

20,/£90°V ~ 72 1 21 S40

Figure R.P.1.3

SOLUTION
KCL at node Vi :
Vi —20/-90° Vi Vi -V,
5/0° =0
5 - i + i +5/0°
(0.5 —70.5)Vy +35Vy = -5 — 3510

=

KCL at node Vo :

Vo—-V; V
Y27 VL, Y2 o1 500 =0
i + 1 5/0
Also, I:V—,1

Vo—-V; Vo 2
H -+ =4+ =V -5/0° =0
ence, i1 + 1 +j2 1 /
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2Q v, J1€9 v,

20/-90°V . 21 4Q
~ J2 <1> §

L

= (0.25 — j) Vo =5
5

= Vo=

27025 —

Making use of Vo in the nodal equation at node Vi, we get

5
5410 —22  — 0501 j)Vy

0.25 -3
, , J40
1- =—-10— 720 —
= (1= ivi=-10-j2- (20)
= V; =15.81/-46.5° V
Vi 15.81 /—46.5°
H I= = ——
ence, ) 2 /—90°
=17.906 /43.5° A
R.P 14
Find V,, shown in the Fig. R.P. 1.4 using Nodal technique.
Supernode
20
———

12/0°V

O
o JO lﬂg <1> 02V,
|

Figure R.P.1.4 Figure R.P.1.4(a) .
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SOLUTION

We find from Fig RP 1.4(a) that,
V=V,

Constraint equation:
Applying K VL clockwise along the path consisting of voltage source, capacitor, and 22
resistor, we find that

12@ +Vy—-V1=0
= Vi :V2—|—12/070
or Voy=V; —-12
KCL at Supernode :
Vi—-Vs V; Vy Vy-Vj3
y1=vs ,  ¥1 -0
52 + 2 + —j4+ 4
= (2—-72)Vi+(1+4+j)Va+ (-143j2)V3=0
KCL at node 3 :

V3—V1+V3—V2

—-0.2V,=0 1.67
2 1 (1.67)

Substituting V, = V1, we get
(0.8—372)Vi+Vao+ (—-1+4+3j2)V3=0 (1.68)

Subtracting equation (1.68) from (1.67), we get
1.2Vi 4+ jVa =0 (1.69)
Substituting Vo = V; — 12 (from the constraint equation), we get
1.2V + j(Vi —12) = 0

12
= V) = =V,
T 1245
Hence V,=17.68 /50.2° V

15

Solve for i, using mesh analysis.

10cos2t V 6sin2t V

<0.25F

Figure R.P. 1.5
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SOLUTION
The first step in the analysis is to draw the phasor circuit equivalent of Fig. R.P.1.5.

4Q JAQ
VWV IV

"
10/0°=10v <+> @ — @C>6 £90°= —j6V
- 2Q

Figure R.P. 1.5(a)

w =2
10cos2t = 10/0°V
6sin2t = 6cos(2t —90) = 6/-90° = —j6V
L =2H = X5 =jwl =j4Q

C=02F = Xc=- = >:—j2Q

Applying KVL clockwise to mesh 1 :

—10+ (4 — 52)I; + 521, = 0
= 2— iDL 4 I, =5

Applying KVL clockwise to mesh 2 :

j2Iy + (j4 — j2)Ix + (—j6) =0
IL+I,=3

Putting the above mesh equations in a matrix form, we get
2—34 7 I 5
1 1||n| |3

I, =2+ 50.5,

I =1 j0.5,

I,=1,-I,=1+j=1414/45°
Hence io(t) = 1.414 cos (2t 4+ 45°) A

Using Cramer’s rule, we get
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R.P 1.6

Refer the circuit shown in Fig. R.P. 1.6. Find I using mesh analysis.

SOLUTION

20 /-90°V

2Q

5/0°A

'y

29

G 2o

Figure R.P.1.6

Supermesh

___________

Constraint equation:

=
=
Also, for mesh 4,

Figure R.P.1.6(a)

I, — I, =21

I; — I, =2(I; — I,)
I, =21 — I,
IL,=5A

Applying KVL clockwise for mesh 1 :

—(=720) + (2 - 72)I1 + 521, =0

(1 -7 + jIo = —j10

(1.70)
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Applying KVL clockwise for the supermesh :
(7 —32)Ip + j2I; +4I3 — jI4 =0
Substituting I3 =2I; —Is and I4=5A
we get 84721 — (44 j)Ia =345 (1.71)

Putting equations (1.70) and (1.71) in matrix form, we get

1-j L] _[—jl0
8442 —(4+7) L | | Jj5
Solving for I; and I, we get

I = —(5.44 + j4.26) A
I, = —(11.18 + j9.7) A
I=1, -1,
— 5.735 + j5.44
=7.9/43.49° A

R.P 1.7

Calculate V,, in the circuit of Fig. R.P. 1.7 using the method of source transformation.

5Q 4Q 139
3Q +
+
20£-90°V \_ _ 10Q >V,
Jj4Q B
Figure R.P. 1.7
SOLUTION ‘
Transform the voltage source to a Z,=4 130
current source and obtain the circuit —
shown in Fig. R.P.1.7(a). +
I=—j4 5Q Z,=3+j4Q 10Q2 v,
20 /—90°
Is:TZZL{—QOOA -
Figure R.P.1.7(a)
5 X (3444
Z, = 5013+ ja — 22X BHIY o5 950

5+ (3+j4)
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Converting the current source in Fig. R.P. 1.7(b) to a voltage source gives the circuit
as shown in Fig. R.P. 1.7(c).

Z,72.54125Q  Z,=4-j13Q

S () -5

Figure R.P.1.7(b) Figure R.P.1.7(c)

V, = LZ, = —4j(2.5 + j1.25)
=5— 10V
V, = 10I
Vi
B [zp+zg+ 10] 10
5 410

= - - x 10
[2.5 + j1.25 +4 — j13 + 10]

=5.519 /—28° V

Z,~4-j13Q

R.P 1.8
Find v, and i, in the circuit shown in Fig. R.P. 1.8.

10Q
—\V\VV\
— v
I @ 3A Q> f 50
+

v ()

4i
v, <20
Figure R.P. 1.8
SOLUTION
. . . . V;
Constraint equation: 19 —11 =3+ Zr
. . v
= iy =1 +3+ —

4

The above equation becomes very clear if one writes KCL equation at node B of Fig.
R.P. 1.8(a).
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Supermesh

Supermesh

{

A

+w

Figure R.P. 1.8(b)
Figure R.P. 1.8(a)

Applying KVL clockwise to the supermesh in Fig. R.P. 1.8(b), we get
—50 + 10d1 + 5ig + 4i, =0
But i, = i1. Hence, —50 + 1041 + 5io + 441 =0

= 14iy + 5iy = 50 (1.72)
Making use of v, = (i1 —i2) X 2 in the constraint equation, we get
11— 12) X 2
iy =iy 4 34 (LT 72) X2
4
= i2:i1—|—3+21;Z2
= 219 = 211 + 6 + i1 — 19
= 3i1 —3ia+6=0
= 1] — g = -2 (173)
Solving equations (1.72) and (1.73) gives i1 = 2.105 A,is = 4.105 A
ThIlS, Uy = 2(i1 — ig) =—-4V
and iz =11 = 2.105 A
R.P 1.9
Obtain the node voltages vy, vy and v3 for the following circuit.
SkQ
AAYA'A%

4mA Q <+> 12V 10kQ
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SOLUTION
We have a supernode as shown in Fig. R.P. 1.9(a). By inspection, we find that Vo = 12V.

Refer Fig. R.P. 1.9(b) for further analysis.

5kQ
VY
Supernode
0,0 v,0 vy,
10V 20V
<*> LS 10kQ AN PN
| | + .
\ ; i <_>12V @
N o o
Figure R.P.1.9(a) Figure R.P.1.9(b) .
KVL clockwise to mesh 1 :
—v1—104+12=0 = v =2
KVL clockwise to mesh 2 :
—12+20+v3=0
= vg=—-8V
Hence, v1=2V,v2=12V,v3=-8YV
R.P 1.10
Find the equivalent resistance R, for the circuit shown in Fig. R.P.1.10.
100Q2 100Q2
a AVAYAY
100€2 1002 100€2
100Q2 100Q2
—\VVVV NV
100Q2 § § 100Q2 § 100Q2
100Q2 100Q2
b o———— "WV NN

Figure R.P. 1.10
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SOLUTION
The circuit is redrawn marking the nodes ¢ to j in Fig. R.P. 1.10(a). It can be seen that
the network consists of four identical stars :

(i) ae,ef,cb
(i) ac,cf,cd
(i) dg,9f,gj
(iv) bh, fh,hj
Converting each stars in to its equivalent delta, the network is redrawn as shown in

Fig. R.P. 1.10(b), noting that each resistance in delta is 100 x 3 = 30012, eliminating
nodes ¢, e, g, h.

100 0o 300 J
a©O ANNN—F AN ao° VWW\
N \)
% S
100 100 100
\?00 (\)QQ
100 100 .
el —W—LAA—¢ 00 ! g
N\ )
o) %
100 100 100 2
\} (7)
,._)Q (7
100 100
bo AN MA—, bo VW .
h J 300 J
Figure R.P.1.10(a) Figure R.P.1.10(b) .

Reducing the parallel resistors, we get the circuit as in Fig. R.P. 1.10(c).

300
ao ANV d
150 150
mo% ésm
< f <
150
150
bo ANV .
300 J

Figure R.P.1.10(c)

Hence, there are two identical deltas afd and bfj. Converting them to their equivalent
stars, we get the circuit as shown in Fig. R.P.1.10(d).
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300 x 150
Rak:Rbl:de:le:W:?E)Q
1502
ka Rfl 600 37.5
150
a
300 75 450
b
Figure R.P.1.10(d) Figure R.P.1.10(e)

The circuit is further reduced to Fig. R.P. 1.10(e) and then to Fig. R.P. 1.10(f) and
(g). Then the equivalent resistance is

~214.286 x 300

= =125 Q
ab 514.286
a©O
150
a
214.286Q
300 64.286€2 § 300 §
b O b O
Figure R.P.1.10() Figure R.P.1.10(Q)

R.P 1.11
Obtain the equivalent resistance R,q for the circuit shown in Fig. R.P.1.11.

a

a0
30 30
30
30 30 50 30
d W\ J “VWN—¢
30 30 30 e 30

Figure R.P.1.11 Figure R.P.1.11(a)
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SOLUTION
The circuit is redrawn as shown Fig. 1.11(a), marking the nodes a to f to identify the
deltas in it. It contains 3 deltas abc, bde and def with 3 equal resistors of 30 €2 each. For

each delta, their equivalent star contains 3 resistors each of value 3 = 10Q2. Then the

circuit becomes as shown in Fig. R.P. 1.11(b) where f is isolated.
On simplification, we get the circuit as shown in Fig. R.P.1.11(c) and further reduced
to Fig. R.P.1.11(d).

10
d —ANN
S
Figure R.P.1.11(b) Figure R.P.1.11(c)
10 13.33 10

a o——AM——AAN AN od
Figure R.P.1.11(d)

Then the equivalent ressitance,

Ru,q =10+13.334+ 10 = 33.33 Q

R.P 1.12

Draw a network for the following mesh equations in matrix form :

54+45 —j5 0 I, ] [ 30 /—0°
—j5 8448 —6 || I | = 0
0 6 10 I J [ —20 /—0°
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SOLUTION

The general form of the mesh equations in matrix form for a network having three mashes
is given by

7w, 7y 733 I Vi /61
~Zoy  Zoy —Zo3 I | =| Va2/6
[ 231 —Z3  Zs3 I3 Vs /05 }
and, Zy=Zw+Zi2+7Zs3
where Z1p = Sum of the impedances confined to mesh 1 alone

Z15 = Sum of the impedances common to meshes 1 and 2

Z13 = Sum of the impedances common to meshes 1 and 3

Similiar difenitions hold good for Zsy and Z33. Also, Z;; = Zj;

For the present problem,

Zi1 =5+ 759
Zyy =79 = j5Q
Zy3 =173 =0Q
Zys =73y = 60
We know that, 21y =721+ 212+ Zy3
= 5+35=%210+355+0
= Z1o = 512
Similarly, Zoo = Loy + Loy + Za3
= 8+ j8 =29+ j5+6
= Zzo =2+ _]39
Finally, Zs3 =730 + 231 + Z32
N 10 = Zg + 0 + 6
= Z3) = 4Q

Making use of the above impedances, we can configure a network as shown below :

5Q 2Q j3Q
AVAYAAY, ANNVWN—TTT0>

“O O () < (DO
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R.P 1.13

Draw a network for the following nodal equations in matrix form.

11 1
(—jlo +10> 10 Vo | 1000
1 1 . 1 V, J - L 0
. Z(1 - il
10 (5( N+ 10)
SOLUTION

The general form of the nodal equations in matrix form for a network having two nodes
is given by

ERA[HRE

-Yo Yo Vy I, /6>

where Yi1=Yi0+ Yo and Yoo = Yoo + Yo.
Yo = sum of admittances connected at node 1 alone.
Y12 = Y91 = sum of admittances common to nodes 1 and 2.

Yo = sum of admittances connected at node 2 alone.

For the present problem,

1 1
= — S
—i10 T 10

1
Y12—Y21—ES

Y1

1
Yo =-(1—4)+10S

)
We know that, Y1 = Y0+ Yo
1 1 1
= _— — =Y —
10 "0 0T 10
-1
= Yio=—=95
710
Similarly, Yoo =Y9 + Yo
1 1 1
2l — —Y il
= 5( )+ 10 20+ 15
1
= Yo = 5(1 —-37) 8
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Making use of the above admittances, we can configure a network as shown below :

I
—S
1

v, 0 v,

10/0°A (f)

Exercise problems

L

Refer the circuit shown in Fig. E.P.1.1. Using mesh analysis, find the current delivered

by the source. Verify the result using nodal technique.

30Q2
AVAVAYAY;
5Q 90Q2
gov( © 260 8Q
Figure E.P. 1.1
Ans: 5A
EP 1.2

For the resistive circuit shown in Fig. E.P. 1.2. by using source transformation and mesh

analysis, find the current supplied by the 20 V source.

32V

4Q

MO

6V

Figure E.P. 1.2

Ans: 2.125A
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EP 1.3
Find the voltage v using nodal technique for the circuit shown in Fig. E.P. 1.3.

6V

Figure E.P. 1.3
Ans: v =35V

E.P 1.4
Refer the network shown in Fig. E.P. 1.4. Find the currents i; and is using nodal analysis.
1Q
AAYAA%
1A<f> i §1Q iglg C‘) 1A
i i
—4—
Figure E.P. 1.4

Ans : ’i1:1A,’i2:—1A

15

For the network shown in Fig. E.P. 1.5, find the currents through the resistors R; and

Rs using nodal technique.

+

7A<1> R=6Q <f> % R=3Q 2A C&)V

Figure E.P. 1.5
Ans: 3.33A, 6.67TA
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E.P 1.6
Use the mesh-current method to find the branch currents i1,¢3 and 43 in the circuit of
Fig. E.P. 1.6.

Figure E.P. 1.6
Ans : ’l:l = —1.72A, ’iz = 1.08A 5 ’i3 = 2.8A

E.P 1.7
Refer the network shown in Fig. E.P. 1.7. Find the power delivered by the dependent

voltage source in the network.

5Q 10Q

Figure E.P. 1.7
Ans: —375 Watts
E.P 1.8
Find the current I, using (i) nodal analysis and (ii) mesh analysis.
20
|1
I
3Q
10/0°A Cf) ‘lx § o §109
Jj4Q
Figure E.P. 1.8

150(3 + j4)

Ans: I,= ;
95 + 530
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EP 1.9
Determine the current ¢, in the circuit shown in Fig. E.P. 1.9

Figure E.P. 1.9

Ans: 1, =3A

1.10

Determine the resistance between the terminals a — b of the network shown in Fig. E.P.
1.10.

u 10Q 20Q 5Q
(e NVVV AVAVAYAY,
5Q 15Q
100 25Q
2Q
5Q 30Q b
AYAVAVAY ‘o)
Figure E.P. 1.10
Ans: 23.6 Q2
E.P 1.11

Determine the resistance between the points A and B in the network shown in Fig. E.P.
1.11.

A
6Q @ 4Q
5Q 4Q

8Q

o

B
Figure E.P. 1.11
Ans: 4.23Q
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E.P 1.12
Determine the current in the galvanometer branch of the bridge network shown in Fig.

E.P. 1.12.

SV 0.05V
100Q
85Q
<G> 100092
1000Q 3300

5V

O

Figure E.P. 1.12

Ans: 10.62pA





